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Simulation and refinement are variations of the bisimulation relation, where in the former we keep

only atoms and forth, and in the latter only atoms and back. Quantifying over simulations and

refinements captures the effects of information change in a multi-agent system. In the case of quan-

tification over refinements, we are looking at all the ways the agents in a system can become more

informed. Similarly, in the case of quantification over simulations, we are dealing with all the ways

the agents can become less informed, or in other words, could have been less informed, as we are at

liberty how to interpret time in dynamic epistemic logic. While quantification over refinements has

been well explored in the literature, quantification over simulations has received considerably less

attention. In this paper, we explore the relationship between refinements and simulations. To this

end, we also employ the notion of mutual factual ignorance that allows us to capture the state of a

model before agents have learnt any factual information. In particular, we consider the extensions

of multi-modal logic with the simulation and refinement modalities, as well as modalities for mutual

factual ignorance. We provide reduction-based axiomatizations for several of the resulting logics that

are built extending one another in a modular fashion.

1 Introduction

To a multi-agent modal logic, and in particular to epistemic logic [35], we can add modalities that are

quantifiers over arbitrary information change, called ‘refinement quantifiers’. In refinement modal logic

(RML) [20, 21, 33, 30, 14, 32, 15, 1, 44] one can intuitively say by 〈⇔〉ϕ that there is some public or

private change of information after which the formula ϕ is true. It is known that it is equivalent to saying

that there is an action model [7] such that after its execution, ϕ is true; as in arbitrary action model

logic [31]. However, note that we then do not have modalities for action models in the logical language.

Instead, in RML we quantify over the refinements of a given model. From the requirements atoms,

forth and back of a bisimulation [13], a refinement relation only needs to satisfy atoms and back. The

semantics of the refinement quantifier directly uses this refinement relation.

In this contribution we investigate the dual logic, called simulation modal logic (SML), that quantifies

over the simulations of a given model. Now, from the requirements of a bisimulation, a simulation

relation only needs to satisfy atoms and forth. Just as RML describes, in an epistemic setting, all

the intricate ways in which agents can become more informed about the current state of information,

in simulation modal logic we describe how agents can become less informed about the current state

of information. Becoming less informed can be seen as a kind of forgetting [41, 36, 22, 28, 27, 37],
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but possibly a more appealing intuition is to imagine a prior state of information to the current one,

wherein agents were still not as informed and knowledgeable as they are now: just as refinement is

a kind of belief expansion, simulation is therefore a kind of belief contraction [2]. Refinement modal

logic and simulation modal logic are dynamic epistemic logics: logics with epistemic modalities as well

as dynamic modalities interpreted as model updates [24, 6, 39]. Although there are various ways to

deal with belief contraction in a modal epistemic logic [16, 4, 23], no general mechanism for belief

contraction in dynamic epistemic logic has been proposed to our knowledge. Information updates such

as public announcements amount to belief expansion [26, 3], whereas dynamic belief revision, often

using Kripke models with more structure such as plausibility relations or preference relations have also

found widespread use [10, 9, 17, 12]. There are two different ways to represent belief contraction in

dynamic epistemic logic: logical languages with dynamic modalities referring to what was true in the

past given a history-based semantics [40, 5, 8], and logical languages with dynamic modalities updating

the current model with respect to some formula parametrizing it [22, 28]. Examples of the former are

the dynamic epistemic logic with a ‘yesterday’ modality [40], the logic of what is true before a public

announcement [5], and arbitrary public announcement logic with memory [8]. Examples of the latter are

[22], merely forgetting atomic propositions, and [28], forgetting arbitrary modal formulas. One could

say that [28] comes closest to the status quo of belief contraction in dynamic epistemic logic. With our

proposed simulation modal logic we wish to further contribute to the so far quite restricted literature on

belief contraction in dynamic epistemic logic in a meaningful way: it does not merely represent what

was known before an announcement, a public action, but what was known before any informative action,

such as also private announcements.

Despite simulation and refinement being dual, there is still a somewhat fundamental difference be-

tween the two, that can be summarized by saying that there are far more ways to become less informed

than there are ways to become more informed. For example, given a publicly announced formula ϕ and

an epistemic model M encoding what agents know, there is a unique updated model resulting from that

public announcement, but there are many epistemic models such that updating them with the announce-

ment of ϕ results in the model M.

In this contribution we also axiomatize SML. In order to axiomatize SML we follow two different

paths. First, we propose an axiomatization that can be seen as the dual of that of refinement modal

logic, however, with the difference that we have consistency requirements on formulas occurring in one

of the axioms (the axiom involves knowledge of a disjunction of simulations of formulas which can be

consistent even if one of the disjuncts is inconsistent). Second, we propose an integrated axiomatization

of refinement modal logic and simulation modal logic avoiding this complication of the consistency

requirement. The need for refinement modalities can be explained from the semantics: we compare any

given information state (pointed Kripke model) Ms wherein we wish to evaluate a formula 〈⇒〉ϕ (there

is simulation after which ϕ is true) to the (pointed) model M◦
t of (maximal) mutual factual ignorance

(also known as the epistemic model of blissful ignorance [19]). We typically do not have that M is a

submodel of M◦, and also not that ϕ is true in M◦, but that ϕ is true in a pointed model M′
s′ such that M′

is a refinement of M◦. Model M′ is so to speak ‘in between M and M◦’: we then have that M ⇒ M′ ⇒ M◦

(M◦ simulates M′ and M′ simulates M, or dually, M refines M′ and M′ refines M◦). This complication

also requires us to refer to truth in the mutual factual ignorance model M◦ by a dedicated modal construct

[◦]ψ , for ‘ψ was originally true’. The consistency of constituents of ϕ in the above 〈⇒〉ϕ then translates

into the requirement that these constituents of ϕ can become true after a refinement of the mutual factual

ignorance model, meaning that they are satisfiable and therefore consistent.

In this paper we examine the relationships between the three modalities, [⇒], [⇔] and [◦], and con-

sider their logics. We start by recalling the established results for RML and SML, and present novel
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axiomatizations for each. Then we consider the combination of simulation and refinement, and in so

doing also introduce origin modal logic OML. We axiomatize OML on its own, and furthermore in com-

bination with simulation modalities and refinement quantifiers, in the axiomatization ROSML. It should

be noted that all our results are for epistemic models with arbitrary accessibility relations for each agent,

and not with equivalence relations. Although fair game, the intended epistemic models in dynamic epis-

temic logic are with equivalence relations, in which case the epistemic modality represents knowledge.

The extension of our results to knowledge is left for future research.

2 Syntax and Semantics

Languages Given a non-empty countable (finite or infinite) set of propositional variables (atoms) P

and a non-empty finite set of agents A, we consider a combined language with refinement and simulation

quantifiers, as well as the origin modality. The elements of the language are the formulas.

L ∋ ϕ ::= p | ¬ϕ | (ϕ ∧ϕ) |�aϕ | [⇔]ϕ | [⇒]ϕ | [◦]ϕ

where p ∈ P, a ∈ A. The language L �⇔ is the fragment with only �a and [⇔] modalities, the language

L �⇒ is the fragment with only �a and [⇒] modalities, the language L �◦ is the fragment with only �a

and [◦] modalities, and L � is the fragment with only the �a modalities. The propositional fragment is

L0. Other propositional connectives are defined by abbreviation, and we also let ♦aϕ := ¬�a¬ϕ . In an

epistemic setting, for ♦aϕ we read ‘agent a considers ϕ possible’, and for �aϕ , ‘agent a knows ϕ’. For

[⇔]ϕ we read ‘after any refinement, ϕ’, and for [⇒]ϕ , ‘after any simulation, ϕ’. We also define 〈⇔〉ϕ as

¬[⇔]¬ϕ , and 〈⇒〉ϕ as ¬[⇒]¬ϕ . For [◦]ϕ we read ‘originally ϕ (was true)’. We will call [◦] the origin

modality. Finally, the cover operator ∇aΦ, where Φ is a finite set of formulas, is
∧

ϕ∈Φ♦aϕ ∧�a

∨

ϕ∈Φ ϕ .

Given a formula ϕ , d(ϕ) is the modal depth or �-depth of ϕ . The definition of �-depth is: d(p) = 0,

d(¬ϕ) = d([⇔]ϕ) = d([⇒]ϕ) = d([◦]ϕ) = d(ϕ), d(ϕ ∧ψ) = max{d(ϕ),d(ψ)}, d(�aϕ) = d(ϕ)+1.

Structures An epistemic model (or ‘Kripke model’, or just ‘model’) M = (S,R,V ) consists of a non-

empty countable domain S of states (or ‘worlds’; the domain is also denoted D(M)), an accessibility

function R : A → P(S×S), where each R(a) is an accessibility relation, and a valuation V : S → P(P);
each V (s) is the set of atoms that are true in s. For s ∈ S, a pair (M,s), for which we write Ms, is a

pointed (epistemic) model. The model class without any restrictions is K. The class of models where all

accessibility relations are equivalence relations is S5.

The mutual factual ignorance model M◦ is defined as M = (S◦,R◦,V ◦), where S◦ is the set of all

subsets of P, R◦
a = S◦× S◦, and V (s) = s for each s ∈ S◦. Given that P is countably infinite, |S◦| is not

countable.

Let models M = (S,R,V ) and M′ = (S′,R′,V ′) be given. A non-empty relation Z ⊆ S × S′ is a

bisimulation between M and M′, notation Z : M ⇆ M′, if for all pairs (s,s′) ∈ Z and a ∈ A:

atoms V (s) =V ′(s′);

forth if Rast, then there is a t ′ ∈ S′ such that R′
as′t ′ and Ztt ′;

back if R′
as′t ′, then there is a t ∈ S such that Rast and Ztt ′.

We write M ⇆ M′ if there is a bisimulation between M and M′, and we write Ms ⇆ M′
s′ if there is a

bisimulation between M and M′ containing pair (s,s′).
Similarly, a simulation satisfies atoms and forth, where we write M ⇒ M′ if there is a simulation

between M and M′, and Ms ⇒ M′
s′ if it contains pair (s,s′); whereas its dual, the refinement, satisfies
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atoms and back, and where we write M ⇔ M′ if there exists a refinement between M and M′, and

Ms ⇔ M′
s′ if it contains pair (s,s′). Further, if M ⇔ M′, the model M′ is called a refinement of M as well.

It is sometimes confusing that in the literature the term ‘refinement’ denotes both the refinement relation

linking M and M′, and the refined model M′.

Semantics Assume an epistemic model M = (S,R,V ), and let s ∈ S. We define Ms |= ϕ (for: Ms

satisfies ϕ , or ϕ is true in Ms) by induction.

Ms |= p iff p ∈V (s)
Ms |= ¬ϕ iff Ms 6|= ϕ
Ms |= ϕ ∧ψ iff Ms |= ϕ and Ms |= ψ
Ms |=�aϕ iff Mt |= ϕ for all t ∈ S such that (s, t) ∈ Ra

Ms |= [⇔]ϕ iff M′
s′ |= ϕ for all M′

s′ such that Ms ⇔ M′
s′

Ms |= [⇒]ϕ iff M′
s′ |= ϕ for all M′

s′ such that Ms ⇒ M′
s′

Ms |= [◦]ϕ iff M◦
V(s) |= ϕ

Let us give an example. A refinement of a given model need not be a submodel and a simulation of a

given model need not contain the given model. Consider the models depicted below. Assume that i and

−i states have the same valuation of atoms.

M• • • •

M′• • •

M′′M′′M′′• • • •

M′′′• • • ••••

0 1 2 3−1−2−3

We note that M′ is a submodel (model restriction) of M and M′′ is a refinement of M that is not a

submodel. However, M′′ is a submodel of M′′′ and M′′′ is a bisimilar copy of M. Simulations are duals

of refinement. So, M is a simulation of M′′ even though M′′ is not a submodel of M.

In an epistemic setting, one could imagine a two-agent situation where a and b both know that a

propositional variable p is true, but are both uncertain whether the other one knows, as encoded in the

model M below in state s. A simulation of this is the two-state mutual factual ignorance model M◦. It is

clear that M◦ does not contain M. But M is a refinement of bisimilar copy M′′ of M◦. The model M◦ can

be seen as a previous state of information that a and b were in, where they were both informed that p is

true while they remained both uncertain whether the other was also informed.

M : ¬p p p
s

p ¬p
a b a b

M′′ : ¬p p p
s

p ¬p
ab ab ab ab

M◦ : p
s

¬p
ab

3 Simulation, Refinement, and Mutual Factual Ignorance

Refinement We review some results obtained for refinement modal logic over the years for which we

present a novel axiomatization in the next section.
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In [14] and most other works on RML, instead of the refinement relation as we defined above (for

the set of all agents), the refinement relation has a parameter G ⊆ A, where apart from atoms and back

for all agents, additionally, forth is required for the agents in A \G. Here we only consider refinement

for the set A of all agents, so that the only requirement is atoms and back for all agents. This simplifies

the presentation.

As the refinement relation is transitive, reflexive, and confluent (for all x,y,z, if x ⇔ y and x ⇔ z, there

is w such that y ⇔ w and z ⇔ w), and we additionally have atomicity (there is a maximal refinement:

remove all relations!), we have for the refinement modality the corresponding validities:

• [⇔]ϕ → ϕ (T⇔)

• 〈⇔〉〈⇔〉ϕ → 〈⇔〉ϕ (4⇔)

• 〈⇔〉[⇔]ϕ → [⇔]〈⇔〉ϕ (Church-Rosser) / CR⇔

• [⇔]〈⇔〉ϕ → 〈⇔〉[⇔]ϕ (McKinsey) / MK⇔

The requirement of atoms and back entails that a refinement of a given model is a restriction of a

bisimilar copy of that model. Analogously, in the logical language, refinement quantification is bisimu-

lation quantification followed by relativization. In bisimulation quantified logics we have explicit quanti-

fiers ∀p over propositional variables p [29, 42]. Relativization ϕ p of a formula ϕ to an atomic proposition

p is a syntactic way to describe model restrictions, such as the consequences of a public announcement:

(M|p)s |= ϕ iff Ms |= ϕ p, which in public announcement logic is the same as Ms |= 〈p〉ϕ , see [38, 11]

(here M|p is the restriction of the model to the state where p is true, and 〈p〉ϕ means ‘p is true and after

its announcement ϕ is true’). In RML, given ϕ ∈ L �, we have [14, Sect. 4.3]:

〈⇔〉ϕ is equivalent to ∃p〈p〉ϕ

Furthermore, the refinement quantifier can be seen as a quantification over action models [7]. Already

on the level of the semantics we have that:

Executing an action model produces a refinement of the initial model, and for every refine-

ment of a finite model there is an action model producing it.

On the level of the language we can, given 〈⇔〉ϕ , synthesize an action model U with the same update

effect (such that 〈U〉ϕ is true). For details, see [31] and the related (for a different but comparable update

mechanism, called ‘arrow update’) [25].

The axiomatization of RML reported in [14] is in terms of parametrized refinement quantifiers 〈⇔a〉
for a ∈ A (interpreting a-refinement relations ⇔a) with which one can also define 〈⇔G〉 for G ⊆ A. We

recall that we now only consider ⇔, that is, ⇔A). We therefore wish to report in this contribution an

alternative axiomatization RML for RML with only refinement quantifiers ⇔ (Section 4). It resembles

the quantifier part of the axiomatization of arbitrary arrow update model logic [25], and was reported in

[18] without proof of soundness and completeness. It is simpler than the axiomatization in [14] and is

also based on reduction axioms.

Simulation Perhaps the most relevant work here is [44], where the authors explore the logic that com-

bines refinement and simulation in a single modality called covariant-contravariant refinement (modal-

ity). It is inspired by process calculi and not by epistemic modalities and updates. As in [14], these

modalities are parameterized by the subgroups of the set of all agents for which the refinement (resp.

simulation) relation only needs to satisfy back (resp. forth). In this work, we only refine or simulate
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by the set of all agents, thus getting a more succinct formalization SML, presented in Section 4. In that

section we furthermore present the axiomatization ROSML, that is truly novel.

An aspect of SML that might be criticized is the somewhat extra-logical (or at least uncommon in a

Hilbert-style axiomatization) requirement of consistency of the formulas appearing in the cover. Proofs

and algorithms are different beasts, but it is an aesthetic principle that determining whether a rule or

axiom is applicable in a proof should be self-evident; at least in the sense that it can be determined in

linear time. We get rid of this problem in the ROSML axiomatization by a more complex reduction also

involving origin modalities and refinement modalities but having no extra-logical requirements.

Just as the refinement relation, the simulation relation is also transitive, reflexive, and confluent, and

again we have atomicity (the maximal simulation brings you in the mutual factual ignorance model). We

therefore have for the simulation modality the following validities.

Proposition 1 The following are valid:

1. [⇒]ϕ → ϕ (T⇒)

2. 〈⇒〉〈⇒〉ϕ → 〈⇒〉ϕ (4⇒)

3. 〈⇒〉[⇒]ϕ → [⇒]〈⇒〉ϕ (Church-Rosser) / CR⇒

4. [⇒]〈⇒〉ϕ → 〈⇒〉[⇒]ϕ (McKinsey) / MK⇒

Proof Let M = (S,R,V ) and s ∈ S be given.

1. Assume Ms |= [⇒]ϕ . As M ⇒ M (the relation ⇒ is reflexive), we directly obtain that Ms |= ϕ .

Therefore |= [⇒]ϕ → ϕ .

2. Assume Ms |= 〈⇒〉〈⇒〉ϕ . Then there are M′ and M′′ with s′ ∈ D(M′) and s′′ ∈ D(M′′) such that

Ms ⇒M′
s′ and M′

s′ ⇒M′′
s′′ , and such that M′′

s′′ |=ϕ . From Ms ⇒M′
s′ and M′

s′ ⇒M′′
s′′ we directly obtain

Ms ⇒ M′′
s′′ as the simulation relation is transitive. Therefore Ms |= 〈⇒〉ϕ , so that |= 〈⇒〉〈⇒〉ϕ →

〈⇒〉ϕ .

3. Assume that Ms |= 〈⇒〉[⇒]ϕ Then, by the definition of semantics, there is an M′
s′ such that Ms ⇒

M′
s′ and M′

s′ |= [⇒]ϕ . The latter implies, again by the definition of semantics, that M◦
s◦ |= ϕ . Since

M◦ is a simulation of every model, we have that M
′′

s
′′ |= 〈⇒〉ϕ for an arbitrary M

′′

s
′′ such that

Ms ⇒ M
′′

s
′′ . Since M

′′

s
′′ was arbitrary, the definition of the semantics implies that Ms |= [⇒]〈⇒〉ϕ .

4. Assume that Ms |= [⇒]〈⇒〉ϕ . From the definition of semantics and the reflexivity of the simulation

relation we get M◦
s◦ |= ϕ . As the mutual factual ignorance model is a simulation of itself, we

trivially get M◦
s◦ |= [⇒]ϕ . Finally, since Ms ⇒ M◦

s◦ , we have that Ms |= 〈⇒〉[⇒]ϕ .

�

While refinement preserves the positive formulas, or hard knowledge [14], simulation preserves ig-

norance. Consider the following, negative, fragment L �
− of L �:

ϕ ::= p | ¬p | ϕ ∨ψ | ϕ ∧ϕ | ♦aϕ

Proposition 2 For all ϕ ∈ L
�⇒
− and models Ms, if Ms |= ϕ and Ms ⇒ M′

s′ , then M′
s′ |= ϕ .

Proof The proof is by induction on the structure of ϕ , where the base case, ϕ = p and ϕ = ¬p, is

immediate from the fact that simulations preserve the valuation of the original states. Boolean cases

follow by the induction hypothesis.

Case ϕ = ♦aψ . Assume that Ms |= ♦aψ . This means that there is an a-reachable state t such

that Mt |= ψ . By the induction hypothesis, we have that M′
t ′ |= ψ . Finally, since there is a simulation

(s,s′) ∈ Z, we have that (s′, t ′) ∈ R′(a) with M′
t ′ |= ψ , and hence M′

s′ |= ♦aψ . �
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Mutual Factual Ignorance The concept of mutual factual ignorance works as an epistemic reset; it

describes a state where no agent has any factual knowledge, and this lack of factual knowledge is common

knowledge. Such a state is refered to as mutual factual ignorance. Reaching this state of information

can be seen as a form of epistemic update: “If we were all to discount all our factual knowledge, then ϕ
would be true”.

As the mutual factual ignorance model M◦ serves as a kind of tabula rasa for agents, any model

where agents have some factual information is a refinement of M◦.

Proposition 3 Every model is a refinement of mutual factual ignorance model M◦.

Proof Take an arbitrary model M = (S,R,V ). From the definition of M◦, it is clear that we can identify

every s ∈ S with V (s) ∈ S◦ satisfying the same propositional variables. Having the refinement relation

Z = {(V (s),s) | s ∈ S}, it is easy to check that M is a refinement of M◦. �

As a direct corollary of Proposition 3, we have the fact that if a formula is true in all refinements of

the mutual factual ignorance model, then the formula is valid.

Proposition 4 Given some ϕ , if for every P′ ⊆ P, M◦
P′ |= [⇔]ϕ , then ϕ is valid.

All relations R◦
a in the mutual factual ignorance model are total, and therefore equivalence relations.

In the axiomatization OML of OML, this appears from the axioms involving the origin modality such as

[◦](�aϕ → ϕ), that formalizes that “given mutual factual ignorance, epistemic modalities �a are S5”.

4 Axiomatizations

In this section we present the axiomatizations side by side and show their soundness and completeness.

4.1 Proof Systems

Modal Logic Let us start with the basic axiomatization for the language L �, which we call ML:

Prop all substitution instances of tautologies of propositional logic

K �a(ϕ → ψ)→ (�aϕ →�aψ)
MP from ϕ → ψ and ϕ infer ψ
N from ϕ infer �aϕ
RE from χ ↔ ψ infer ϕ [χ/p]↔ ϕ [ψ/p]

This forms a foundation for the axioms that follow and its soundness and completeness for the class of

all Kripke models is well established (see for example [13]).

Refinement Modal Logic Let REF be the following set of axioms:

RQ1 〈⇔〉ϕ0 ↔ ϕ0 where ϕ0 ∈ L0

RQ2 〈⇔〉(ϕ ∨ψ)↔ (〈⇔〉ϕ ∨〈⇔〉ψ)
RQ3 〈⇔〉(ϕ0 ∧ϕ)↔ (ϕ0 ∧〈⇔〉ϕ) where ϕ0 ∈ L0

RQ4 〈⇔〉
∧

a∈A ∇aΦa ↔
∧

a∈A

∧

ϕ∈Φa
♦a〈⇔〉ϕ

The axiomatization for refinement modal logic is then RML = ML + REF, where axioms and rules of

ML are applied to L �⇔. It is based on the axiomatization of arbitrary arrow update model logic in [25].

As an example, we show that rule AR: ‘from ϕ → ψ infer 〈⇔〉ϕ → 〈⇔〉ψ’, is derivable.
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1. ϕ → ψ Given 2. (ϕ ∨ψ)↔ ψ Prop and 1

3. 〈⇔〉(ϕ ∨ψ)↔ 〈⇔〉ψ RE 4. 〈⇔〉(ϕ ∨ψ)↔ (〈⇔〉ϕ ∨〈⇔〉ψ) RQ2

5. (〈⇔〉ϕ ∨〈⇔〉ψ)↔ 〈⇔〉ψ MP and 3,4 6. 〈⇔〉ϕ → 〈⇔〉ψ Prop and 5

Origin Modal Logic Origin modal logic is quite novel, and correspondingly, has a novel set of axioms.

For origin modal logic we start with the set ORI, given by

O1 [◦]ϕ0 ↔ ϕ0 where ϕ0 ∈ L0

OT [◦](�aϕ → ϕ)
O5 [◦](♦aϕ →�a♦aϕ)
OExch [◦](�aϕ →�bϕ)
OFull [◦]♦aϕ where ϕ is of the form

∧

p∈Q1
p∧

∧

p∈Q2
¬p with Q1 ∩Q2 = /0

ODual [◦]¬ϕ ↔¬[◦]ϕ
ODisj [◦](ϕ ∨ψ)↔ ([◦]ϕ ∨ [◦]ψ)

OMP from [◦](ϕ → ψ) and [◦]ϕ infer [◦]ψ
ON from [◦]ϕ infer [◦]�aϕ

and obtain OML = ML + ORI, where axioms and rules of ML are applied to L �◦.

Observe that necessitation for the origin modality, i.e.‘from ϕ infer [◦]ϕ’, is derivable in OML.

1. ϕ Given 2. ϕ ↔ (p∨¬p) 1

3. [◦]p∨¬[◦]p Prop 4. [◦]p∨ [◦]¬p ODual and 3

5. [◦](p∨¬p) ODisj and 4 6. [◦]ϕ RE and 5

Simulation Modal Logic We report two ways to axiomatize the logic with simulation quantifiers.

First, one can use refinement quantifiers and the origin modality to ensure that all formulas in a cover set

are satisfiable in a refinement of the mutual factual ignorance model (see axiom SQ4 below). Then, let

SIM be
SQ1 〈⇒〉ϕ0 ↔ ϕ0 where ϕ0 ∈ L0

SQ2 〈⇒〉(ϕ ∨ψ)↔ (〈⇒〉ϕ ∨〈⇒〉ψ)
SQ3 〈⇒〉(ϕ0 ∧ϕ)↔ (ϕ0 ∧〈⇒〉ϕ) where ϕ0 ∈ L0

SQ4 〈⇒〉
∧

a∈A ∇aΦa ↔
∧

a∈A(�a

∨

ϕ∈Φa
〈⇒〉ϕ ∧ [◦]

∧

ϕ∈Φa
♦a〈⇔〉ϕ)

and ROSML = ML + REF + ORI + SIM, where all of the axioms and rules are applied to L .

Another way to axiomatize simulation quantifiers is to explicitly require all the formulas in a cover

set to be consistent. In this way, we do not need refinement quantifiers and the origin modality, but we

have to pay for this with the higher complexity of determining whether or not an axiom may be faithfully

applied (in this case, PSPACE for the satisfiability problem of modal logic K [13]). So, let SIMcons be

SIM where we replace the axiom SQ4 by

SQ4
cons

〈⇒〉
∧

a∈A ∇aΦa ↔
∧

a∈A�a

∨

ϕ∈Φa
〈⇒〉ϕ where all ϕ are consistent L

� formulas

then SML = ML + SIMcons, where axioms and rules of ML are applied to L �⇒. Axiom SQ4
cons

is

inspired by axiom CCRKco2 in [44], that also has the consistency requirement.

Note the similarity between SML and RML. All but axiom SQ4
cons

simply replaced 〈⇔〉 modalities

by 〈⇒〉 modalities. Intuitively the difference is clear: RQ4 says that if after refinement we can cover all

the formulas in Φa, then before the refinement all those must have been possible but it may no longer be a
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cover, so we lose the �. Dually, SQ4
cons

says that if after simulation we can cover all the formulas in Φa,

then before the simulation necessarily one of those must already have been reachable by a simulation.

However, there is also a consistency requirement there, without which the axiom is unsound. Consider a

single agent. We then get

〈⇒〉(
∧

ϕ∈Φ

♦ϕ ∧�
∨

ϕ∈Φ

ϕ)↔�
∨

ϕ∈Φ

〈⇒〉ϕ .

The simplest counterexample to soundness is the set Φ = {⊤,⊥}, noting that �⊤↔⊤. We get

〈⇒〉(♦⊤∧♦⊥)↔�(〈⇒〉⊤∨〈⇒〉⊥).

Since the right-hand side of the equivalence requires that just one of the elements of Φ needs to be

true at every reachable state, it suffices to observe that ⊤ is true everywhere, so that the disjunction is

then also true. But then this also requires the left-hand side of the equivalence to be true: there is a

simulation where Φ covers the successors, so there must be an accessible world where ⊥ is true, which

is an absurdity.

4.2 Soundness

In this section, we show that each of the axiom systems is sound for its logic. Soundness of ML is well

known, so we will not comment further on it here. Let us therefore consider the other axiom systems.

Proposition 5 The axiomatization RML is sound for L �⇔.

Proof We have RML = ML+REF, and soundness of the axioms and rules of ML is well known. What

remains to show is that REF is sound.

Refinements satisfy atoms, and therefore do not change the truth value of propositional formulas.

Hence |= 〈⇔〉ϕ0 ↔ ϕ0, so RQ1 is sound.

Next, note that 〈⇔〉 is a “diamond-like” operator, in that 〈⇔〉ϕ holds iff there is at least one refinement

after which ϕ is true. Because it is diamond-like, 〈⇔〉 distributes over disjunctions, so |= 〈⇔〉(ϕ ∨ψ)↔
(〈⇔〉ϕ ∨〈⇔〉ψ), which means that RQ2 is sound.

For RQ3, we start with the left-to-right direction, so suppose that Ms |= 〈⇔〉(ϕ0 ∧ϕ), where ϕ0 ∈
L0. Then there is some M′

s′ such that Ms ⇔ M′
s′ and M′

s′ |= ϕ0 ∧ϕ . As such, we have M′
s′ |= ϕ0 and

M′
s′ |= ϕ , which imply that Ms |= 〈⇔〉ϕ0 and Ms |= 〈⇔〉ϕ , respectively. Furthermore, as shown above,

Ms |= 〈⇔〉ϕ0 ↔ ϕ0. Hence |= 〈⇔〉(ϕ0 ∧ϕ)→ (ϕ0 ∧〈⇔〉ϕ).
Suppose then, for the right-to-left direction, that Ms |=ϕ0∧〈⇔〉ϕ . Then Ms |= 〈⇔〉ϕ , so there is some

M′
s′ such that Ms ⇔ M′

s′ and M′
s′ |= ϕ . Because every refinement satisfies atoms, Ms ⇔ M′

s′ together with

Ms |= ϕ0 implies that M′
s′ |= ϕ0. So M′

s′ |= ϕ0∧ϕ , and therefore Ms |= 〈⇔〉(ϕ0∧ϕ). So |= (ϕ0∧〈⇔〉ϕ)→
〈⇔〉(ϕ0 ∧ ϕ). Together with the previously shown |= 〈⇔〉(ϕ0 ∧ ϕ) → (ϕ0 ∧ 〈⇔〉ϕ) this implies that

|= 〈⇔〉(ϕ0 ∧ϕ)↔ (ϕ0 ∧〈⇔〉ϕ), so RQ3 is sound.

For RQ4 we also start with the left-to-right direction, so suppose that Ms1
|= 〈⇔〉

∧

a∈A ∇aΦa. Then

there is some M′
s′1

such that Ms1
⇔ M′

s′1
and M′

s′1
|=

∧

a∈A ∇aΦa. This implies that, in particular, for every

a ∈ A and ϕ ∈ Φa, there is some s′2 such that (s′1,s
′
2) ∈ R′

a and M′
s′2
|= ϕ . Because Ms1

⇔ M′
s′1

and every

refinement satisfies the back condition, there must be some s2 such that (s1,s2) ∈ Ra and Ms2
⇔ M′

s′2
.

We then have Ms2
|= 〈⇔〉ϕ , and therefore Ms1

|= ♦a〈⇒〉ϕ . This holds for every a ∈ A and ϕ ∈ Φa, so

Ms1
|=

∧

a∈A

∧

ϕ∈Φa
♦a〈⇔〉ϕ . We have now shown that |= 〈⇔〉

∧

a∈A ∇aΦa →
∧

a∈A

∧

ϕ∈Φa
♦a〈⇔〉ϕ .

For the right-to-left direction, suppose that Ms0
|=

∧

a∈A

∧

ϕ∈Φa
♦a〈⇔〉ϕ . So for every a ∈ A and

ϕ ∈ Φa there is some sϕ such that (s0,sϕ ) ∈ Ra and Msϕ |= 〈⇔〉ϕ . So there are Mϕ = (Sϕ ,Rϕ ,V ϕ) and
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s′ϕ such that Msϕ ⇔ M
ϕ
s′ϕ

and M
ϕ
s′ϕ
|= ϕ . Now, let M′ be the disjoint union of all Mϕ , with one additional

state s′0, where we take V ′(s′0) = V (s0), and additional a-edges from s′0 to s′ϕ for all a ∈ A and ϕ ∈ Φa.

Formally, M′ = (S′,R′,V ′), where

• S′ = {s′0}∪
⋃

a∈A

⋃

ϕ∈Φa
{(s′,a,ϕ) | s′ ∈ Sϕ},

• R′
a = {(s′0,(s

′
ϕ ,a,ϕ)) | a ∈ A,ϕ ∈ ΦA}∪

⋃

a∈A

⋃

ϕ∈Φa
{((s′1,a,ϕ),(s′2,a,ϕ)) | (s′1,s

′
2) ∈ R

ϕ
a },

• V ′(s′) =

{

V (s0) if s′ = s′0
V ϕ(t ′) if s′ = (t ′,a,ϕ)

See Figure 1 for an example of this construction.

For every ϕ ∈ Φa, there is some s′ such that (s′0,s
′) ∈ R′

a and M′
s′ |= ϕ , namely s′ = (s′ϕ ,a,ϕ). Con-

versely, for every s′ such that (s′0,s
′) ∈ R′

a there is some ϕ ∈ Φa such that M′
s′ |= ϕ , because (s′0,s

′) ∈ R′
a

implies that s′ is of the form s′ = (s′ϕ ,a,ϕ). This implies that M′
s′0
|=

∧

a∈A ∇aΦa.

Furthermore, for every a ∈ A and ϕ ∈ Φa we have Msϕ ⇔ M
ϕ
s′ϕ

|= ϕ . Let Zϕ be the witnessing

refinement, and let Z be the disjoint union of all Zϕ plus the pair (s0,s
′
0). Formally, Zϕ = (s0,s

′
0)∪

⋃

a∈A

⋃

ϕ∈Φa
{(s,(s′,a,ϕ)) | (s,s′) ∈ Zϕ}. We will show that this Z is a refinement.

Take any (s,s′) ∈ Z. We consider two cases. Firstly, if s′ = s′0, then s = s0. We chose V ′(s′0) =V (s0),
so in this case atoms is satisfied. Secondly, if s′ 6= s′0 then s′ is of the form s′ = (t ′,a,ϕ), and we have

(s, t ′) ∈ Zϕ , which implies that V (s) = V ϕ(t ′) because Zϕ satisfies atoms. We took V ′(s′) = V ϕ(t ′),
so from V (s) = V ϕ(t ′) it follows that V (s) = V ′(s′), so atoms holds for s and s′. These two cases are

exhaustive, so atoms is satisfied for Z.

Then take any (s1,s
′
1) ∈ Z and (s′1,s

′
2) ∈ R′

a. Again, we consider two cases. Firstly, if s′1 = s′0, then

s1 = s0 and s′2 is of the form s′2 = (s′ϕ ,a,ϕ). We have (sϕ ,s
′
ϕ ) ∈ Zϕ which, by the construction of Z,

implies that (s2,s
′
2) = (sϕ ,(s

′
ϕ ,a,ϕ)) ∈ Z. Furthermore, (s1,s2) = (s0,sϕ) ∈ Ra, so back is satisfied in

this case. Secondly, if s′1 6= s′0, then s′1 and s′2 are of the form s′1 = (t ′1,b,ϕ) and s′2 = (t ′2,b,ϕ), for some b

and ϕ . We then also have, by the construction of Z and M′, that (t ′1, t
′
2) ∈ Rϕ and (s1, t

′
1) ∈ Zϕ . The back

condition for Zϕ therefore implies that there is some s2 such that (s1,s2) ∈ Ra and (s2, t
′
2) ∈ Zϕ . This

implies that (s1,s2) ∈ Ra and (s2,s
′
2) = (s2,(t

′
2,b,ϕ)) ∈ Z, so back is satisfied in this case as well. The

two cases are exhaustive, so back is satisfied for Z.

Z is therefore a refinement, which implies that Ms0
⇔ M′

s′0
. Together with the previous conclusion

that M′
s′0
|=

∧

a∈A ∇aΦa, this implies that Ms0
|= 〈⇔〉

∧

a∈A ∇aΦa. We have now shown that

|=
∧

a∈A

∧

ϕ∈Φa

♦a〈⇔〉ϕ → 〈⇔〉
∧

a∈A

∇aΦa,

which together with the previously shown

|= 〈⇔〉
∧

a∈A

∇aΦa →
∧

a∈A

∧

ϕ∈Φa

♦a〈⇔〉ϕ

implies that

|= 〈⇔〉
∧

a∈A

∇aΦa ↔
∧

a∈A

∧

ϕ∈Φa

♦a〈⇔〉ϕ .

So RQ4 is sound. �

The soundness of RQ4 is shown rather differently than that of the similar axiom A4 in [25], involving

quantifiers over arrow updates. However, the proof in the current setting has nice duality with that of the

soundness of SQ4, coming up (almost) next, in Proposition 7.
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M

•

s0

•
sϕ1

•
sϕ2

•
sϕ3

•
sϕ4

a a b b

M′

•

s′0

•

s′ϕ1

Mϕ1

•

s′ϕ2

Mϕ2

•

s′ϕ3

Mϕ3

•

s′ϕ4

Mϕ4

a a b b

Figure 1: Schematic drawing of an example of M′ as in the proof of Proposition 5. In this example,

A = {a,b}, Φa = {ϕ1,ϕ2} and Φb = {ϕ3,ϕ4}. Dotted lines represent the relation Z. The state s′0 has

exactly the successors s′ϕ1
, · · · ,s′ϕ4

, the state s0 has at least the successors sϕ1
, · · · ,sϕ4

but may have more.

Hence Z is a refinement but not, in general, a bisimulation.

Proposition 6 The axiomatization OML is sound for L �◦.

Proof We have OML = ML+ORI, and the soundness of ML is well known, what remains to show is

that ORI is sound.

To begin with, for every Ms and every ϕ0 ∈ L0, we have Ms |= ϕ0 ⇔ M◦
V(s) |= ϕ0 ⇔ Ms |= [◦]ϕ0, so

|= [◦]ϕ0 ↔ ϕ0, which means that O1 is sound.

The model M◦ is an S5-model, i.e., all relations in M◦ are equivalence relations. It follows that, for

every t ∈ S◦, M◦
t |=�aϕ → ϕ and M◦

t |= ♦aϕ →�a♦aϕ . This implies that, for all Ms, we have M◦
V(s) |=

�aϕ → ϕ and M◦
V(s) |= ♦aϕ →�a♦aϕ , and hence Ms |= [◦](�aϕ → ϕ) and Ms |= [◦](♦aϕ →�a♦aϕ).

As this is true for every Ms, we have |= [◦](�aϕ → ϕ) and |= [◦](♦aϕ → �a♦aϕ), so OT and O5 are

sound.

Furthermore, all agents a,b∈A have the same accessibility relation on M◦, namely R◦
a =R◦

b = S◦×S◦.

This implies that M◦
t |=�aϕ →�bϕ , for every t, and therefore |= [◦](�aϕ →�bϕ). So OExch is sound.

Next, consider Q1,Q2 ⊆ P such that Q1 ∩Q2 = /0. Then there is at least one valuation t such that

M◦
t |=

∧

p∈Q1
p∧

∧

p∈Q2
¬p. Because R◦

a = S◦×S◦, it follows that M◦
t ′ |= ♦a(

∧

p∈Q1
p∧

∧

p∈Q2
¬p) for all

t ′, and therefore also that |= [◦]♦a(
∧

p∈Q1
p∧

∧

p∈Q2
¬p). So OFull is sound.

We have Ms |= [◦]¬ϕ ⇔ M◦
V (s) |= ¬ϕ ⇔ M◦

V(s) 6|= ϕ ⇔ Ms 6|= [◦]ϕ ⇔ Ms |= ¬[◦]ϕ . It follows that

|= [◦]¬ϕ ↔¬[◦]ϕ , so ODual is sound.

Similarly, Ms |= [◦](ϕ ∨ψ)⇔ M◦
V(s) |= ϕ ∨ψ ⇔ (M◦

V(s) |= ϕ or M◦
V(s) |= ψ)⇔ (Ms |= [◦]ϕ or Ms |=

[◦]ψ)⇔ Ms |= [◦]ϕ ∨ [◦]ψ . It follows that |= [◦](ϕ ∨ψ)↔ ([◦]ϕ ∨ [◦]ψ), so ODisj is sound.

This leaves the two rules, we show that they preserve validity. So suppose that |= [◦](ϕ → ψ)
and |= [◦]ψ . Then for every Ms, we have Ms |= [◦](ϕ → ψ) and Ms |= [◦]ψ . So M◦

V(s) |= ϕ → ψ and

M◦
V(s) |= ϕ , which implies that M◦

V(s) |= ψ and therefore Ms |= [◦]ψ . Since this holds for every Ms, we

then have |= [◦]ψ , proving the soundness of OMP.

Finally, suppose that |= [◦]ϕ . Then for every Ms, we have Ms |= [◦]ϕ and therefore M◦
V(s) |= ϕ . Since

this holds for every Ms, and therefore also every V (s), we also have M◦
V(s′) |= ϕ for every V (s′), which
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implies that M◦
V(s) |= �aϕ , and therefore Ms |= [◦]�aϕ . Since this holds for every Ms, we then have

|= [◦]�aϕ . So ON is sound. �

Proposition 7 The axiomatization SML is sound for L �⇒.

Proof We have SML = ML+SIMcons. Soundness of ML is well known, what remains to be shown is

the soundness of SIMcons. Axioms SQ1, SQ2, and SQ3 are sound for the same reasons that RQ1, RQ2

and RQ3 are: preservation of propositional logic under simulations for SQ1 and SQ3, and 〈⇒〉 being

“diamond-like” for SQ2. This leaves SQ4cons.

For the left-to-right direction, suppose that Ms |= 〈⇒〉
∧

a∈A ∇aΦa.1 Then there is some M′
s′ such that

Ms ⇒ M′
s′ and M′

s′ |=
∧

a∈A ∇aΦa. Take any t such that (s, t) ∈ Ra. Because Ms ⇒ M′
s′ , there is some t ′

such that (s′, t ′) ∈ R′
a and Mt ⇒ M′

t ′ .

Now, because M′
s′ |=

∧

a∈A ∇aΦa, there is some ϕ ∈ Φa such that M′
t ′ |= ϕ , and therefore Mt |= 〈⇒〉ϕ .

This holds for every (s, t) ∈ Ra and every a ∈ A, so we have Ms |=
∧

a∈A�a

∨

ϕ∈Φa
〈⇒〉ϕ . We have now

shown that

|= 〈⇒〉
∧

a∈A

∇aΦa →
∧

a∈A

�a

∨

ϕ∈Φa

〈⇒〉ϕ .

For right-to-left direction, suppose that Ms0
|=

∧

a∈A�a

∨

ϕ∈Φa
〈⇒〉ϕ , where all ϕ are consistent. Take

any (s, t) ∈ Ra. Because Ms |=�a

∨

ϕ∈Φa
〈⇒〉ϕ , there is some ϕ ∈ Φa such that Mt |= 〈⇒〉ϕ . Then there

are some model Mt and state t ′ of Mt such that Mt ⇒ Mt
t ′ and Mt

t ′ |= ϕ .2

Every Mt
t ′ satisfies some ϕ ∈ Φa, but there is no guarantee that every ϕ ∈ Φa is satisfied in such a

model. Let Φ+
a ⊆ Φa be the set of formulas that are so satisfied, and Φ−

a = Φa \Φ+
a . Because all ϕ ∈ Φa

are, by assumption, consistent, there exist models Mϕ and tϕ such that M
ϕ
tϕ |= ϕ .

Now, let M′ be the disjoint union of (i) the Mt
t ′ for each a ∈ A and (s, t) ∈ Ra and (ii) the M

ϕ
t ′ϕ

for each

ϕ ∈ Φ−
a . Add a single state s′0, with V ′(s′0) = V (s), and a-edges from s′0 to every Mt

t ′ where (s, t) ∈ Ra

and every M
ϕ
t ′ϕ

where ϕ ∈ Φ−
a . Call the resulting model M′ = (S′,R′,V ′). Formally,

• S′ = {s′0}∪
⋃

(s,t)∈Ra
{(s′,a, t) | s′ ∈ St}∪

⋃

ϕ∈Φ−
a
{(s′,a,ϕ) | s′ ∈ Sϕ}

• R′
a = {(s′0,(t

′,a, t)) | (s, t) ∈ Ra}∪{(s′0,(s
′
ϕ ,a,ϕ)) | ϕ ∈ Φ−

a }∪
⋃

a∈A

⋃

(s,t)∈Ra
{((s′1,a, t),(s

′
2,a, t)) | (s

′
1,s

′
2) ∈ Rt

a}∪
⋃

a∈A

⋃

ϕ∈Φ−
a
{((s′1,a,ϕ),(s′2,a,ϕ)) | (s′1,s

′
2) ∈ R

ϕ
a }

• V ′(s′) =







V (s0) if s′ = s′0
V t(t ′) if s′ = (t ′,a, t)
V ϕ(t ′) if s′ = (t ′,a,ϕ)

See Figure 2 for an example of this construction.

For every (s′0,s
′) ∈ R′

a, we have s′ = (t ′,a, t) or s′ = (s′ϕ ,a,ϕ). In the first case, there is some ϕ ∈ Φ+
a

such that M′
s′ |= ϕ , since M′

s′ is a copy of Mt
t ′ . In the second case, there is some ϕ ∈Φ−

a such that M′
s′ |= ϕ ,

since M′
s′ is a copy of M

ϕ
s′ϕ

. So every a-successor of s′0 satisfies some ϕ ∈ Φa.

Furthermore, for every ϕ ∈ Φ+
a there is some t such that (s0, t) ∈ Ra and Mt

t ′ |= ϕ , which implies

that M′
(t ′,a,t) |= ϕ and therefore that M′

s′0
|= ♦aϕ . For very ϕ ∈ Φ−

a , we have M
ϕ
s′ϕ
|= ϕ , which implies that

1Note that we are not, at this point, explicitly assuming that all ϕ ∈Φa are consistent. This is because Ms |= 〈⇒〉
∧

a∈A ∇aΦa

implies that all ϕ are consistent. The separate consistency condition in SQ4cons is only required for the right-to-left direction.
2Note that in Mt

t ′ the superscript t refers to a state of M, but here serves only to identify a model Mt . The subscript t ′,

meanwhile, identifies a particular state of Mt , namely the one such that Mt ⇒ Mt
t ′ .
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M′
(s′ϕ ,a,ϕ) |= ϕ and therefore that M′

s′0
|= ♦aϕ . Taken together, this shows that every ϕ ∈ Φa is satisfied in

some a-successor of s′0. We had already shown that every a-successor of s′0 satisfies some ϕ ∈ Φa, so we

have M′
s′0
|=

∧

a∈A ∇aΦa.

Now, we will show that Ms0
⇒ M′

s′0
. For each Mt

t ′ , we have Mt ⇒ Mt
t ′ , let us call the witnessing

simulation Zt . Now, let Z be the disjoint union of all Zt together with (s0,s
′
0). Formally,

Z = {(s,s′0)}∪
⋃

a∈A

⋃

(s0,t)∈Ra

{(s,(s′,a, t)) | (s,s′) ∈ Zt}.

We claim that Z is a simulation.

Take any (x,x′) ∈ Z. We consider two cases. Firstly, suppose that x′ = s′0. Then x = s0. We have

V (s0)=V ′(s′0) by construction, so in this case atoms is satisfied. Secondly, suppose x′ 6= s′0. Then x′ must

be of the form (s′,a, t), since Z does not relate to any states of the form (s′,a,ϕ). By the construction of

Z, we then have (x,s′) ∈ Z, which implies that V (x) =V t(s′), and therefore also V (x) =V ′(x′). So in this

case atoms is also satisfied. These two cases are exhaustive, so atoms is satisfied for Z.

Then take any (x1,x
′
1) ∈ Z and (x1,x2) ∈ Ra. Again, we consider two cases. Firstly, suppose x′1 = s′0.

Then x1 = s0, and x2 = t for some t such that (s, t) ∈ Ra. Then there is some Mt
t ′ such that (t, t ′) ∈ Zt . By

the construction of Z we have (t,(t ′,a, t)) ∈ Z, and by the construction of M′ we have (s′0,(t
′,a, t)) ∈ Ra.

So forth is satisfied in this case. Secondly, suppose x′1 6= s′0. Then x′1 is of the form x′1 = (s′1,b, t), where

(x1,s
′
1) ∈ Zt . Because Zt is a simulation, there is some s′2 such that (s′1,s

′
2) ∈ Rt

a and (x2,s
′
2) ∈ Zt . We

then also have (s1,(s
′
2,b, t)) ∈ R′

a and (x2,(s
′
2,b, t)) ∈ Z, so forth is satisfied in this case. The two cases

are exhaustive, so forth is satisfied for Z.

Because Z satisfies atoms and forth, it is a simulation, so Ms ⇒ M′
s′0

. Together with the previously

shown M′
s′0
|=

∧

a∈A ∇aΦa, this implies that Ms0
|= 〈⇒〉

∧

a∈A ∇aΦa. This completes the proof that

|=
∧

a∈A

�a

∨

ϕ∈Φa

〈⇒〉ϕ →
∧

a∈A

∇aΦa,

if all ϕ ∈ Φa are consistent. We had already shown the other direction, so

|= 〈⇒〉
∧

a∈A

∇aΦa →
∧

a∈A

�a

∨

ϕ∈Φa

〈⇒〉ϕ ,

when all ϕ are consistent. This shows that SQ4cons is sound, which completes the soundness proof for

SML. �

Proposition 8 The axiomatization ROSML is sound for L .

Proof ROSML = ML+REF+ORI+SIM. Soundness of ML is well known, and we showed sound-

ness of REF, ORI and SQ1–SQ3 previously. This leaves only the soundness of SQ4.

For the left-to-right direction, suppose that Ms |= 〈⇒〉
∧

a∈A ∇aΦa. Then each ϕ ∈ Φa is consistent, so

by the soundness of SQ4cons we have Ms |=
∧

a∈A�a

∨

ϕ∈Φa
〈⇒〉ϕ . Furthermore, because ϕ is consistent,

there are Mϕ and sϕ such that M
ϕ
sϕ |= ϕ .

Every pointed model is the refinement of the state of M◦ with the same valuation, so we have

M◦
V(sϕ )

⇔ M
ϕ
sϕ . It follows that M◦

V(sϕ )
|= 〈⇔〉ϕ . In turn, that implies that M◦

V (s) |= ♦a〈⇔〉ϕ , since ev-

ery state of M◦ is an a-successor of every other state. This is true for every ϕ ∈ Φa, so M◦
V(s) |=
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M

•

s0

•

t1
〈⇒〉ϕ1

•

t2
〈⇒〉ϕ1

•

t3
〈⇒〉ϕ3

a a b

M′

•

s′0

•

t ′1
ϕ1

Mt1

•

t ′2
ϕ1

Mt2

•

s′ϕ2

ϕ2

Mϕ2

•

t ′3
ϕ3

Mt3

•

s′ϕ4

ϕ4

Mϕ4

a a a b b

Figure 2: Schematic drawing of an example of M′ as in the proof of Proposition 7. Here, we take

A = {a,b}, Φa = {ϕ1,ϕ2} and Φb = {ϕ3,ϕ4}. For both s0 and s′0, all successors are drawn. In each

successor of s0, 〈⇒〉ϕi holds for some i. Note that the same 〈⇒〉ϕi may hold in multiple successors,

such as 〈⇒〉ϕ1 in t1 and t2. Each successor of s′0 corresponds either to a successor of s0 or to some

ϕi ∈ Φ−
a ∪Φ−

b . Dotted lines represent the relation Z. Note that every successor of s0 is Z-related to some

successor of s′0 but not vice versa, so Z is a simulation but not a bisimulation.

∧

ϕ∈Φa
♦a〈⇔〉ϕ , which implies that Ms |= [◦]

∧

ϕ∈Φa
♦a〈⇔〉ϕ . Finally, this is true for every a ∈ A, which

together with the previous conclusion that Ms |=
∧

a∈A�a

∨

ϕ∈Φa
〈⇒〉ϕ implies that

Ms |=
∧

a∈A

(�a

∨

ϕ∈Φa

〈⇒〉ϕ ∧ [◦]
∧

ϕ∈Φa

♦a〈⇔〉ϕ).

We have now shown that

|= 〈⇒〉
∧

a∈A

∇aΦa →
∧

a∈A

(�a

∨

ϕ∈Φa

〈⇒〉ϕ ∧ [◦]
∧

ϕ∈Φa

♦a〈⇔〉ϕ).

For the right-to-left direction, suppose that Ms |=
∧

a∈A(�a

∨

ϕ∈Φa
〈⇒〉ϕ∧ [◦]

∧

ϕ∈Φa
♦a〈⇔〉ϕ). Then Ms |=

∧

a∈A�a

∨

ϕ∈Φa
〈⇒〉ϕ and, for every a ∈ A, Ms |= [◦]

∧

ϕ∈Φa
♦a〈⇔〉ϕ . The latter implies that ϕ holds in

some refinement of some state of M◦, so, in particular, ϕ is satisfiable. From the soundness of SQ4cons,

it then follows that Ms |= 〈⇒〉
∧

a∈A ∇aΦa. We have now shown that

|=
∧

a∈A

(�a

∨

ϕ∈Φa

〈⇒〉ϕ ∧ [◦]
∧

ϕ∈Φa

♦a〈⇔〉ϕ)→ 〈⇒〉
∧

a∈A

∇aΦa.

We already showed the other direction, so we have

|= 〈⇒〉
∧

a∈A

∇aΦa ↔
∧

a∈A

(�a

∨

ϕ∈Φa

〈⇒〉ϕ ∧ [◦]
∧

ϕ∈Φa

♦a〈⇔〉ϕ).

This shows that SQ4 is sound, which completes the soundness proof for ROSML. �
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4.3 Completeness

Having shown the soundness of the reduction axioms for OML, RML, SML, and ROSML, we can now

establish the completeness of the corresponding axiomatizations. In all of the following completeness

proofs, the general idea is to use the reduction axioms to translate a given formula of one of the new

logics into an equivalent formula of ML, which is known to be complete.

Proposition 9 The axiomatization RML is complete for L �⇔.

Proof Given 〈⇔〉ϕ , the proof is by induction on the modal depth of ϕ . For the base case, d(ϕ) = 0, and

hence 〈⇔〉ϕ0 is equivalent to ϕ0 by RQ1. Now assume that we have 〈⇔〉ϕ with d(ϕ) = n, and all 〈⇔〉ψ
with d(ψ) < n are equivalent to some formulas without refinement quantifiers. W.l.o.g. we may also

assume that ϕ is a combination of propositional atoms and formulas of the type �aχ1 and ♦aχ2. By RE,

we can substitute ϕ with an equivalent formula in the disjunctive normal form:

∨





p11 ∧ ...∧ p1m∧
∧

a∈ag(ϕ)(♦aχ1 ∧ ...∧♦aχl ∧�aθ1 ∧ ...∧�aθk)

...
pn1 ∧ ...∧ pnm∧

∧

a∈ag(ϕ)(♦aχ1 ∧ ...∧♦aχl ∧�aθ1 ∧ ...∧�aθk)



 ,

where ag(ϕ) is the set of agents appearing in ϕ . By RQ2, we have that 〈⇔〉ϕ is equivalent to

∨





〈⇔〉(p11 ∧ ...∧ p1m ∧
∧

a∈ag(ϕ)(♦aχ1 ∧ ...∧♦aχl ∧�aθ1 ∧ ...∧�aθk))

...
〈⇔〉(pn1 ∧ ...∧ pnm ∧

∧

a∈ag(ϕ)(♦aχ1 ∧ ...∧♦aχl ∧�aθ1 ∧ ...∧�aθk))



 .

Observe that ♦aχ1 ∧ ... ∧ ♦aχl ∧�aθ1 ∧ ... ∧�aθk is equivalent (via K) to ∇aΦa with Φa = {χ1 ∧
∧k

i=1 θk, ...,χl ∧
∧k

i=1 θk,
∧k

i=1 θk}. This follows from the validities (�aϕ ∧♦aψ)→ ♦a(ϕ ∧ψ):

1. �a(ϕ →¬ψ)→ (�aϕ →�a¬ψ) K, RE

2. �a(¬ϕ ∨¬ψ)→ (¬�aϕ ∨¬♦aψ) K, RE, Prop

3. (�aϕ ∧♦aψ)→ ♦a(ϕ ∧ψ) RE, Prop

as well as (�aϕ ∧�aψ)↔�a(ϕ ∧ψ), which is a well known validity of ML.

Then, by RQ3, we have that

∨





p11 ∧ ...∧ p1m ∧〈⇔〉
∧

a∈ag(ϕ) ∇aΦa

...
pn1 ∧ ...∧ pnm ∧〈⇔〉

∧

a∈ag(ϕ) ∇aΦa



 ,

which, in turn, is equivalent, by RQ4, to

∨





p11 ∧ ...∧ p1m ∧
∧

a∈ag(ϕ)

∧

χ∈Φa
♦a〈⇔〉χ

...
pn1 ∧ ...∧ pnm ∧

∧

a∈ag(ϕ)

∧

χ∈Φa
♦a〈⇔〉χ



 .

The modal depth of all χ is at most n−1, and hence, by the induction hypothesis, for each 〈⇔〉χ there is

an equivalent quantifier-free formula. �

With the similar approach as in the proof of Proposition 9, we can show the completeness of SML.
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Proposition 10 The axiomatization SML is complete for L �⇒.

Proof The proof goes, mutatis mutandis, exactly like the proof of Proposition 9. We use the induction

on the modal depth of ϕ to show that ϕ , which may have simulation quantifiers, can be equivalently

rewritten into a formula of modal logic. For the induction step 〈⇒〉ϕ , we also substitute ϕ with an

equivalent formula in disjunctive normal form, and then push 〈⇒〉 inside using SQ2, SQ3, and SQ4
cons

.

As a consequence, formulas within the scope of 〈⇒〉 have lower modal depth, and the result follows from

the induction hypothesis. �

The proof of completeness for OML is also a proof by elimination, in that we inductively show that

every formula of L �◦ is provably (in OML) equivalent to a formula of L �.

Proposition 11 The axiomatization OML is complete for L �◦.

Proof The structure of the model M◦ has every relation R◦
a as a total relation, so it is an equivalence

class. This is reflected in the axiomatization OML where we have the axioms T (�aϕ → ϕ) and 5

(♦aϕ →�a♦aϕ) inside the [◦] operator as the axioms OT and O5. Similarly, we have the necessitation

rule and modus ponens rule in the scope of the [◦] operator with the rules OMP and ON. Therefore, for

every formula ϕ that is valid for multi-agent S5 frames, there is a proof in OML of [◦]ϕ .

We proceed to the elimination argument as follows. We work by induction, where the induction

hypothesis is for all L � formulas ϕ with modal depth less than or equal to n, [◦]ϕ is provably equivalent

to a formula of L �. The base follows directly from O1. Now we assume that the induction hypothesis

holds for n.

Applying the axioms O1, ODual and ODisj we can move the [◦] operators up to the modalities. That

is

[◦]ϕ ↔ θ [xi\[◦]♦ai
ϕi]

m
i=1

is a validity where θ ∈ L0 is a propositional formula. Furthermore, noting that ♦a commutes with

disjunctions (♦a(ϕ ∨ψ)↔ (♦aϕ ∨♦aψ) is provable in ML), we can extend this result to say

[◦]ϕ ↔ θ [xi\[◦]♦ai

k
∧

j=1

χ i
j]

m
i=1

where χ i
j is either a literal (an atomic proposition or its negation), or a modal formula of one of the forms

�bξ , or ♦bξ .

So, via some basic ML reasoning, it is now sufficient for us to show that formulas of the type

[◦]♦a(π ∧
∧

b∈A

ℓb
∧

i=1

♦bχb
i ∧�b

kb
∧

j=1

ξ b
j ) (1)

are equivalent to L � formulas, where π is a conjunction of literals, and χb
i and ξ b

i are L � formulas of

modal depth at most n.

By S5 reasoning, we have:

♦a(π ∧
∧

b∈A

∧ℓb

i=1♦bχb
i ∧�b

∧kb

j=1 ξ b
j )

↔

♦a(π ∧
∧

b∈A\{a}

∧ℓb

i=1♦bχb
i ∧�b

∧kb

j=1 ξ b
j )∧

∧ℓa

i=1♦aχa
i ∧�a

∧ka

j=1 ξ a
j
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Therefore, by the above observation that all S5 validities are derivable in the scope of the [◦] operator,

and ODual with ODisj, we have:

[◦]♦a(π ∧
∧

b∈A

∧ℓ
i=1♦bχb

i ∧�b

∧k
j=1 ξ b

j )

↔

[◦]♦a(π ∧
∧

b∈A\{a}

∧ℓ
i=1♦bχb

i ∧�b

∧k
j=1 ξ b

j )∧
∧ℓ

i=1[◦]♦aχa
i ∧ [◦]�a

∧k
j=1 ξ a

j

As for all i, ♦aχa
i and �aξ a

i have modal depth less than or equal to n, we can apply the induction

hypothesis, so that they are provably equivalent to L � formulas. Therefore we have

[◦]♦a(π ∧
∧

b∈A

∧ℓ
i=1♦bχb

i ∧�b

∧k
j=1 ξ b

j )

↔

[◦]♦a(π ∧
∧

b∈A\{a}

∧ℓ
i=1♦bχb

i ∧�b

∧k
j=1 ξ b

j )∧ϕa

where ϕa is a L � formula. We can now apply OExch, noting that is is an equivalence, to derive:

[◦]♦a(π ∧
∧

b∈A

∧ℓ
i=1♦bχb

i ∧�b

∧k
j=1 ξ b

j )

↔

[◦]♦b(π ∧
∧

b∈A\{a}

∧ℓ
i=1♦bχb

i ∧�b

∧k
j=1 ξ b

j )∧ϕa

(2)

Noting the similarity of the first line of (2) and the first conjunct of the second line of (2), where

b ∈ A\{a}, we can recursively apply this argument for each modality a ∈ A to derive

[◦]♦a(π ∧
∧

b∈A

ℓ
∧

i=1

♦bχb
i ∧�b

k
∧

j=1

ξ b
j )↔ [◦]♦aπ ∧

∧

a∈A

ϕa

Here, the a in [◦]♦aπ is arbitrary. It will be the last modality left in the set A, but via the OExch axiom

it can be changed to any modality. As π is a conjunction of literals, either it contains an atom and its

negation, in which case we have:

[◦]♦a(π ∧
∧

b∈A

ℓ
∧

i=1

♦bχb
i ∧�b

k
∧

j=1

ξ b
j )↔⊥

or it matches the condition for OFull, in which case we can derive [◦]♦aπ so

[◦]♦a(π ∧
∧

b∈A

ℓ
∧

i=1

♦bχb
i ∧�b

k
∧

j=1

ξ b
j )↔

∧

a∈A

ϕa

This is sufficient to show L �◦ formulas of the kind in equation (1) are equivalent to L � formulas which

concludes the completeness proof. �

Finally, having established the way to eliminate refinement and simulation quantifiers, as well as the

origin modality, in proofs of Propositions 9, 10, and 11, the completeness of ROSML follows.

Proposition 12 The axiomatization ROSML is complete for L .

Proof The proof is similar to those of Propositions 9, 11, and 10. Yet again, we recursively eliminate

quantifiers and the origin modality from the inside-out, starting from the innermost occurrence of the

operator in question. Hence, for the induction case 〈⇔〉ϕ we proceed exactly as in the proof of Proposi-

tion 9. For the case 〈⇒〉ϕ , we follow the strategy in the proof of Proposition 10. Finally, for the origin

modality we follow the proof of Proposition 11. �
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5 Conclusion and Discussion

We have presented several novel logics for reasoning about information growth and information loss.

Refinement modal logic RML quantifies over information growth. We gave a novel axiomatization for

that logic, slightly different from [14]. Simulation modal logic SML quantifies over information loss.

We presented two axiomatizations for (or containing) SML, SML and ROSML. The first, SML, has

consistency requirements on formulas in one of the axioms and is a variation of [44]. The second,

ROSML, does not have that consistency requirement but apart from simulation quantifiers also has

refinement quantifiers and the novel origin modality. The origin modality checks whether the formula

bound by it was true in the model before any of the agents received any factual information: the mutual

factual ignorance model. We also gave an axiomatization OML for origin modal logic OML with only

this origin modality but without refinement and simulation quantifiers.

There is ample scope for further research. The semantics of the refinement and simulation quanti-

fiers depend on the class of models it quantifies over. In our work, we have considered the class K of all

models. Hence, an immediate research problem is the axiomatization of simulation epistemic logic, i.e.

SML with simulation modalities quantifying over S5 models, that is, epistemic models with equivalence

accessibility relations. The axiomatization of a corresponding refinement epistemic logic where refine-

ment modalities quantify over S5 models has been presented in [34, 33, 32]; these works also contain

refinement modal logics over other classes of models, such as KD45 encoding consistent belief.

Finally, it would be of clear interest to determine the complexity of satisfiability of SML. Let us

survey such results for RML. The satisfiability problem of single-agent RML is AEXPpol and conjectured

to be non-elementary for multi-agent RML [15]. It is slightly unclear if the latter also holds for the RML

of our contribution with refinement quantifiers for the set of all agents only. In [1] a PSPACE upper bound

is given for complexity of the existential fragment of single-agent RML (a negation normal form wherein

only diamonds 〈⇔〉 may occur). Complexities have also been reported for the logic µ-RML extending

RML with fixpoints [14], and in work in progress building on the fixpoint extension [43] of covariant-

contravariant refinement modal logic [44] (with modalities combining refinement and simulation).
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