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Introduction

What do we expect from agents?

Perform epistemic actions (learn, cheat, suspect, etc.)1

Have varying beliefs about time (be mistaken about time
passed, knowing that something was true ‘yesterday,’ etc.)2

Change basic facts of a world (flip coins, change cards, etc.)3

How about common knowledge in such a setting?

1Hans van Ditmarsch, Wiebe van der Hoek, and Barteld Kooi. Dynamic
Epistemic Logic. Vol. 337. Synthese Library. Springer, 2008.

2Bryan Renne, Joshua Sack, and Audrey Yap. “Logics of
Temporal-Epistemic Actions”. In: Synthese 193.3 (2016), pp. 813–849.

3Johan van Benthem, Jan van Eijck, and Barteld Kooi. “Logics of
communication and change”. In: Information and Computation 204 (2006),
pp. 1620–1662.
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Conscientious Gambler

Sophie and Russell bet on a coin toss. If the coin is heads —
Sophie wins, otherwise — Russell wins.
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Conscientious Gambler

Sophie and Russell bet on a coin toss. If the coin is heads —
Sophie wins, otherwise — Russell wins.

bH r, s bcT
£Q

Example

(M,H) |= Kr (Q ∨ £),¬KsQ ∧ ¬Ks£,KrKsKr (Q ∨ £)
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Conscientious Gambler

The coin is under a cup, and as Sophie leaves the room, Russell
decides to cheat. He looks under the cup, sees that the coin is
heads and flips it. Sophie saw this on a hidden camera, and
hastened back to the room. During this, Russell, feeling guilty,
decides to flip the coin back. Now, Sophie knows that Russell did
something, but she does not know whether he just looked
underneath the cup, or did something else. Moreover, Sophie is
not sure how many actions Russell has performed.
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Conscientious Gambler

t: the event copies the initial state of affairs. > means that it is
always applicable, and dash indicates that nothing is changed.

bH
〈⊤;−〉

r, s bcT
£

bct
Q
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Reduction Axioms

Reduction axioms ‘push through’ an update operator, and allow to
get rid of it altogether

[U, e]p ↔ (pre(e)→ post(e)(p))4 (we add here ontic changes)

[U, e]¬ϕ↔ (pre(e)→ ¬[U, e]ϕ)

[U, e](ϕ ∧ ψ)↔ ([U, e]ϕ ∧ [U, e]ψ)

[U, e][a]ϕ↔ (pre(e)→ ∧
(e,f)∈R(a)[a][U, f]ϕ)

[U, e][Y ]ϕ↔ (pre(e)→ [Y ][U, e]ϕ)

[U, e][Y ]ϕ↔ (pre(e)→ ∧
f Ue [U, f]ϕ)

DETL with ontic changes is complete via translation to ETL
What about common knowledge?

4Bryan Renne, Joshua Sack, and Audrey Yap. “Logics of
Temporal-Epistemic Actions”. In: Synthese 193.3 (2016), pp. 813–849.
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Common Knowledge

Common Knowledge

It is common knowledge that ϕ, if everybody knows that ϕ,
everybody knows that everybody knows that ϕ, and so on (in a
model, this means that every path via agents ends in a ϕ-state).

Example

(M,H) |= Crs(Q ∨ £),Crs(¬KrQ ∧ ¬Kr£)
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Common Knowledge

Common Knowledge

It is common knowledge that ϕ, if everybody knows that ϕ,
everybody knows that everybody knows that ϕ, and so on (in a
model, this means that every path via agents ends in a ϕ-state).

Common Knowledge

(M,w) |= CBϕ iff for all v ∈W : (w , v) ∈ (
⋃

a∈B R(a))∗

implies (M, v) |= ϕ.
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Updates and Automata

[U, e][A]ϕ↔ ∧
f∈E[U(U,e,f) ⊗ A][U, f]ϕ5

5Barteld Kooi and Johan van Benthem. “Reduction axioms for epistemic
actions”. In: AiML-2004: Advances in Modal Logic, Department of Computer
Science, University of Manchester, Technical report series, UMCS-04-9-1
(2004), pp. 197–211.
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Updates and Automata

[U, e][A]ϕ↔ ∧
f∈E[U(U,e,f) ⊗ A][U, f]ϕ5

bw, e b cv, fϕ bcu, gϕa ∈ B a ∈ B
. . .

5Barteld Kooi and Johan van Benthem. “Reduction axioms for epistemic
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a
〈ψ; post(f)〉

a, b a, b

a
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Updates and Automata

[U, e][A]ϕ↔ ∧
f∈E[U(U,e,f) ⊗ A][U, f]ϕ5

bw, e b cv, fϕ bcu, gϕa ∈ B a ∈ B
. . .

bw bcv [U, f]ϕ bcu−→σ
. . .

−→σ

[U, g]ϕ

With ‘update and automata’ axiom DETL with ontic changes and
common knowledge is complete.

5Barteld Kooi and Johan van Benthem. “Reduction axioms for epistemic
actions”. In: AiML-2004: Advances in Modal Logic, Department of Computer
Science, University of Manchester, Technical report series, UMCS-04-9-1
(2004), pp. 197–211.

Rustam GALIMULLIN Knowledge, Time, and Change 44 / 51



Summary

Added ontic changes to DETL6

Added common knowledge to DETL and employed the
existing technique to show completeness of the resulting
system

Future work:

Add distributed knowledge to the system
Consider more temporal operators

6Bryan Renne, Joshua Sack, and Audrey Yap. “Logics of
Temporal-Epistemic Actions”. In: Synthese 193.3 (2016), pp. 813–849.
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Thank you for attention!
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Language

Definition (Language of APDL+n)

The language LAPDL+n of APDL+n is as follows:

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | [a]ϕ | [?ϕ]ϕ | [Y ]ϕ | [A]ϕ | [U, e]ϕ,

where p ∈ P, a ∈ A, A is an automaton over A ∪ {?ϕ | ϕ ∈ L},
and U is an update model. All the usual abbreviations of
propositional logic and conventions for deleting parentheses hold,
and 〈α〉ϕ is equivalent to ¬[α]¬ϕ.
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Epistemic Models

Definition (Epistemic model)

An epistemic model (with yesterday) is a quadruple M = (W , R,
 M , V ), where

W is a non-empty set of states,

R : A→ P(W ×W ) is an accessibility relation for each agent
a ∈ A,

 M : W →W is a temporal, ‘yesterday’, relation between
states,

V : P → P(W ) is a valuation of propositional variables p ∈ P.
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Update Models

Definition (Update model)

An (epistemic-temporal) update model is a tuple U = (E, R,  U,
pre, post), where

E is a finite non-empty set of events,

R : A→ P(E× E) is an accessibility relation for each agent
a ∈ A,

 U: E→ E is a temporal, ‘yesterday’, relation between
events,

pre : E→ L assigns to each event a precondition,

post : E→ (P → L) assigns to each event a postcondition for
each propositional variable. Each post(e) is either identity id
or finitely different from it. In the latter case, the finite
difference is called a domain dom(post(e)).
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Semantics

Definition (Semantics of APDL+n)

(M,w) |= p iff w ∈ V (p)
(M,w) |= ¬ϕ iff (M,w) 6|= ϕ
(M,w) |= ϕ ∧ ψ iff (M,w) |= ϕ and (M,w) |= ψ
(M,w) |= [a]ϕ iff for all v ∈W : (w , v) ∈ R(a)

implies (M, v) |= ϕ
(M,w) |= [Y ]ϕ iff for all v ∈W : v  M w

implies (M, v) |= ϕ
(M,w) |= CBϕ iff for all v ∈W : (w , v) ∈ (

⋃
a∈B R(a))∗

implies (M, v) |= ϕ
(M,w) |= [U, e]ϕ iff (M,w) |= pre(e)

implies (M · U, (w , e)) |= ϕ
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Execution

Definition (Execution of an update model)

The result of executing (U, e) in (M,w) with (M,w) |= pre(e) is
the epistemic model (M · U, (w , e)) = ((WM·U, RM·U,  M·U,
VM·U), (w , e)), where

WM·U = {(v , f) | (M, v) |= pre(f)},
RM·U(a) = {((v , f), (u, g)) | (v , u) ∈ R(a) and (u, g) ∈ R(a)},
 M·U= {((v , f), (u, g)) | (v , u) ∈ M , f = g and f is a past
state; or v = u and (f, g) ∈ U},
VM·U(p) = {(a) f is a past state and (M, v) |= post(f)(p); or
(b) p ∈ dom(post(f)) and (M, v) |= post(f)(p); or (c) for
some state (u, g) ∈WM·U with d(u, g) < d(v , f) such that for
all (u′, g′) ∈WM·U with d(u, g) < d(u′, g′) < d(v , f) and
p 6∈ dom(g′), either (a) holds for (u, g), or p ∈ dom(g) and
(M, u) |= post(g)(p)}.
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