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Group Knowing-How
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Abstract Knowing-how is an epistemic notion that captures the abilit-
ies of agents to achieve a certain goal. Most of logical approaches formal-
ising knowing-how deal with abilities of individual agents, with only a few
exceptions discussing the abilities of groups. This paper focuses on the
latter, presenting a logical framework in which the abilities a group are
given in terms of the sequential composition of the abilities of its mem-
bers. We discuss three ways to capture this form of group knowing-how,
studying their relative expressive power and model checking procedures.

Keywords: Knowing-How, Group Knowledge, Model-Checking, Expressivity

1 Introduction

The concept of knowing-how/know-how, related to the ability* to achieve a given
goal, has been extensively discussed in the literature. While it was first ap-
proached from a philosophical perspective (see, e.g., [32] and references therein),
in recent years it has also become an important topic for computer science and,
in particular, for AI (e.g., to account for automated planning and strategic reas-
oning, [36,2]).

Logical frameworks for representing and reasoning about this concept have
typically followed two main directions. On the one hand, there is a long tradition
of research on logics for strategic reasoning, with prime examples being Coali-
tion Logic (CL) [31], Alternating-Time Temporal Logic (ATL) [4,12], Strategy
Logic (SL) [29], and their numerous variations (see, e.g., [37,1,30,3,27,10,8]). Se-
mantically, these proposals treat transitions between states in a model as joint
actions whose outcome depends on the individual choices of strategies of the
agents. Then, a group has the ability to guarantee an outcome if and only if
its members have a joint strategy (consisting of individual strategies for each
member) that produces the outcome regardless of what the rest of the agents

4 In the philosophical literature, the concepts of knowing-how and ability have been
seen sometimes as different. Some authors (e.g., [11,34,28]) have argued that abil-
ities can exist in the absence of knowledge-how. Some others (e.g., [17,35,9]) have
argued that knowing-how does not entail having the ability. We take no side on
this discussion, choosing a computational perspective instead and using both terms
interchangeably.
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2 Fervari, Galimullin, Veldzquez-Quesada

do. On the other hand, more recent logics for knowing-how [39,22,23,24,25,26)
(which have mostly considered only the single-agent case) take a planning-based

While considering groups, or coalitions, is quite standard in logics for stra-
tegic reasoning, the knowledge-how of a group has been only explored recently
in [26]. In both contexts, a crucial question is how the strategies/knowledge-how
of individuals can be ‘combined’ to give raise to the strategies/knowledge-how of
a group. The parallel/concurrent execution of individual strategies has been de
facto the standard approach in the logics for strategic reasoning, and it is also
used in the distributed knowledge-how sudied in [26].

Contribution. This paper concerns the gap between individual and group
know-how. It presents several notions of group know-how that arise from indi-
vidual know-how. The particular focus is on sequential forms of group know-how
(considered also in [26]), which we believe are closer to the knowledge-how lit-
erature described above. With our approach, we can model scenarios in which
a group of agents can achieve more than its individual members by following
a ‘assembly/production line’ approach: the group can use sequences of actions
whose components can be performed by its members/subgroups. We argue that,
in many settings, this is quite a natural reading of group know-how. For example,
it is relevant whenever work can be divided among agents, each specialising in
different tasks, or when there are dependencies between actions. Typical in-
stances are those from which we borrow the name: assembly lines enable the
combination of distinct forms of expertise, and they are a necessity when the ex-
ecution of certain actions depends on the successful completion of previous ones.
Finally, our proposal is also well suited to model the compositionality of abilities,
resembling program composition as in Propositional Dynamic Logic (PDL) (see,
e.g., [19]). With this idea in mind, the fundamental point of discussion is the way
the plans available to individual agents are ‘combined’ to define the collection
of plans that are available for a given group.

In this text, Sec. 2 introduces an underlying framework for individual knowing-
how. Then, Sec. 3 starts by providing some natural minimal conditions that
the abilities of a group must fulfill, giving two instantiations of that. While in
these first two alternatives agents have a form of bounded contribution to the
group’s abilities, the section also discusses a further option in which agents can
contribute as much as needed/possible, closer to the intuition behind common
knowledge [15]. For all the proposals, we study their model-checking problems
(Sec. 4) and establish their relative expressive power (Sec. 5).

2 Basic Definitions

The multi-agent framework for individual knowing-how introduced in this section
relies on the goal-directed approach of [39], incorporating also ideas from [7,6].
Throughout the text, let Prop be a countable set of propositional symbols, Act
a countable set of symbols for ‘basic’ actions, and Agt # ) a finite set of agents.

Definition 1 (Plans). Let Act® denote the set of finite sequences over Act,
with € being the empty sequence. The elements of Act™ are called plans. The
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Group Knowing-How 3

length of a plan o € Act®, denoted as ||, is inductively defined as usual: || := 0
and, given o € Act® and a € Act, |oal := |o| + 1. Given 0 < k < |o|, the plan
—k . e . . . .. . —0

o is o’s initial segment up to (and including) the k-th position (with o := €).
Given 0 < k < |o|, the action o[k] is the one in o’s k-th position.

The models we are interested in are labelled transition systems.

Definition 2 (Labelled Transition System). A labelled transition system
(LTS) (defined over Prop and Act) is a tuple (S,R, V) where S is a non-empty
set of states (the domain), R = {Ry € Sx S| a € Act} is a collection of binary
relations on S, and V : S — 2P™P is a valuation function. As usual, R is extended
to elements of Act™ by taking Re := {(s,s) | s € S} and Ryq := Ro 0 R, (first
Ry and then R, ).

A multi-agent LTS (MLTS, sometimes called simply a model) (defined over
Prop, Act and Agt) is a tuple (S,R,A, V) where (S,R,V) is an LTS and A :
Agt — 22 assigns, to each agent in Agt, a collection of plans that always
includes the empty plan (so, € € A(i) for every i € Agt). Given an MLTS 9
and a state s in it, the pair (M, s) (parentheses usually dropped) is called a
pointed MLTS.

An LTS is simply a multi-relational model in which each relation describes
the effects of a particular ‘basic’ action. The additional component in an MLTS,
the function indicating the plans available to each agent ¢ € Agt, allows us to
define the knowledge-how of the individual agents.® The language for describing
the latter is defined below.

Definition 3. Formulas of the language Lkn, are defined by the following BNF:
pi=p el (pVe) [Khi(p,e),

with p € Prop and i € Agt. Other Boolean connectives are defined as usual, and
the standard conventions for omitting parentheses apply. Formulas of the form
Kh; (1, @) state that “agent i knows how to make ¢ true, provided that ¢ holds’.

For the semantic interpretation of knowledge-how formulas, the idea in the
original proposal from [38,39] (note: over LTSs) is the following. An agent i knows
how to achieve ¢ when ¥ is the case, Kh;(, ¢), if and only if there is be a plan
o € Act” satisfying the following: (1) it is, executability-wise, ‘appropriate’, and
(2) all its executions starting at any 1-state lead only to p-states. Here (recall:
over MLTSs), the requirements are stronger: an agent ¢ knows how to achieve ¢
when 1) is the case if and only if there is be a plan ¢ € Act™ satisfying the fol-
lowing: (1) it is available to the agent, (2) it is, executability-wise, ‘appropriate’,
and (3) all its executions starting on any 1)-state lead only to o-states.

Concerning what an executability-wise ‘appropriate’ plan is, the intuition is
that a plan is appropriate when it can be completed every time it can be started
(see, e.g., [38,6] for discussions). The following definition makes this precise.

® An MLTS is a particular instance of the uncertainty-based LTSs from [7,6].
5 The requirements in the uncertainty-based LTSs from [7,6] are even stronger: con-
ditions (1)-(8) must be satisfied for a class of indistinguishable plans.
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4 Fervari, Galimullin, Veldzquez-Quesada

Definition 4 (Strong executability). Let 9 = (S,R,A,V) be an MLTS,
with R = {R, €S XS |a€ Act}. A plan o € Act” is strongly executable (SE)
at u € S if and only if, for every k € [0.. |o|—1], from v € Rk (u) it follows that

Rofes1)(v) # 0 . The set SE™(0) := {s € S| 0 is SE at s} contains the states
in M where o is SE. We will drop the superscript when no confusion arises.

Thus, a plan is strongly executable (at a state) when all its partial executions
(from that state) can be completed. With this, the semantic interpretation for
knowing-how formulas over pointed MLTS is defined as follows. (The cases for
atoms and Boolean operators are as usual, and thus omitted, for brevity.)

Definition 5. Let MM = (S,R, A, V) be an MLTS and s € S.

M, s = Khi(,0) iff thereis a o € A(i) such that:
(i) [¥]™ € SE(0), and (i) Ro([¥1™) C [¢]™,

with [x]™ = {s € S| M, s |= x} the set of states in S satisfying x. Any o € Act*
making true the existential statement in the semantic clause of Kh; (1, ¢) is called
a witness for Kh;(1, ). Define M |= ¢ iff [¢]™ =S, and |= ¢ iff M = ¢, for
all MLTS 9N. These notions are extended as expected for all languages in the
rest of the article.

Note how the semantic clause for knowing-how formulas does not refer to the
evaluation point, focusing rather on global properties of the model. Moreover,
note that Lkn, is a very ‘simple’ language. In particular, even though the Kh;
modality has fairly complex requirements for its witness, the witness itself is not
featured in the formula. Thus, Lkp, is actually ‘blind’ to it.

3 Logics of Group Know-How

In an MLTS, the abilities of an agent 7 are determined by her available plans
(namely, those in A(7) C Act™). Thus, a reasonable strategy for defining a notion
of ability for a group G C Agt is to provide an ‘aggregated’ set of plans A(G) C
Act®. Then, the semantic interpretation of a ‘group ability’ modality Khg can be
given almost exactly as that for Kh;, the only difference being the use of A(G)
instead of A(7):

M, s = Kha(t, ) iff  there is 0 € A(G) such that:
(i) [¥]™ € SE(0), and  (ii) Re([¢]™) S [£]™.

Of course, not every such ‘aggregation’ of plans would produce a reasonable
notion of ability for a group G. A first natural requirement is that the abilities
of any singleton group should be the same as the abilities of its lone member:

(R1) For every i € Agt, A({i}) = A(®4).
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Group Knowing-How 5

Another requirement is that a group should have at least the same abilities as
any of its subgroups. Although this does not hold universally, it is a reasonable
requirement in a setting in which no agent ‘diminishes’ a group’s abilities.

(R2) For every G,H C Agt, if G C H then A(G) C A(H).

Besides being natural, these properties are also common in the literature.
One example, within epistemic logic [20,15], is a group G’s distributed knowledge
Dg, intuitively understood as what follows from the aggregated knowledge
of the group’s members (see, e.g., [18,16]). Indeed, an individual’s distributed
knowledge is the same as her individual knowledge (= Dy ++ Kip), and what
is known distributively by a group is also known distributively by its supergroups
(if G C H then = Dgy — Dy ). Another example, within logics for strategic
reasoning (see, e.g., [36,2]), is a group G’s abilities |G, intuitively understood
as what the group can guarantee will be the case (see, e.g., [31] for the case of
CL). Indeed, a singleton group and its lone member have the same abilities, and
if a group can guarantee a certain outcome, so can any of its supergroups (if
G C H then = (G)p — (H)p).

Below, we discuss several options to define the set A(G) from an underlying
{A(%) | i € Agt}. The following situation will be our running example.

clear act_set standard submitted

6——f B

& o /@/ ch  p
&1 edited
oRNoENG

cloudy lights filmed extra

Figure 1: Model 9.

Ezxample 1. Imagine that a small film team would like to shoot a short movie to
submit to a local film festival. It was decided that the whole movie would take
place in a single room during the golden hour to have actors immersed in a soft,
warm light and to enhance shadows. The filming crew consists of a director D,
cinematographer C, editor F, technician 7', colourist C'L, and producer P.
Consider the MLTS 90t in Fig. 1. On the filming day, if the sky is clear (state
s1, where atom clear holds), the director sets the actors (action di, leading to
state s4, where atom act_set holds) and then the cinematographer films the scene
(action ¢y, leading from s4 to s5). After that, the editor prepares the final edit
(action e;) and the colourist does the standard footage treatment (action cly,
leading to state sg, where atom standard holds); she can also choose to perform
extra colour-grading (action cly). Finally, the producer submits the film to the
festival (action p; from sg and s7 to sg). If the sky is overcast during the golden
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6 Fervari, Galimullin, Veldzquez-Quesada

hour (state so with atom cloudy), the film crew can still shoot the film by first
letting the technician prepare studio lights to simulate the golden hour (action
t1). Then, the director sets the actors (action d; from state sz to state s4),
and the rest follows as in the first option, while still allowing the colourist to
perform extra colour-grading (action cl). Taking Agt = {D,T,C, E,CL, P} and
Act = {d1, t1,c1, €1, cli,clp, p1}, this model’s plan-assigning function is given by

A(D) = {€7d1}, A(C) = {G,Cl}, A(CL) = {6,C|17C|1C|2},
A(T) = {67'C1}7 A(E) = {6,61}7 A(P) = {67 pl}-

Clearly, no individual agent can, on her own, finish and submit the film: for
every i € Agt we have 9 = —Kh;(clear, submitted) A —Kh;(cloudy, submitted).
At the same time, individual agents know their part of the job: e.g., the col-
ourist can, once the footage is edited, perform both standard colour-grading
as well as standard colouring followed by extra colour-grading, expressed as
M = Kheyr(edited, standard) A Khep (edited, extra) (witnesses, cly and clicl).

3.1 An assembly-line approach

As discussed in the introduction, a natural idea for combining the abilities of a
group of agents is that of an assembly-line: a plan is available to a group if and
only if it is the sequential composition of plans available to its members. In a first
version to this approach, each group member gets to participate in the process
at most once. For a formal definition, it is useful to take the set of agents to be
Agt = {1,...,n}, so any subset G C Agt can be canonically associated with the
sequence of its members in increasing order, which will be denoted by a¢. For
instance, the group {2,7,5} can be canonically associated with ays 571 = 2.5.7.

Definition 6 (Assembly-line plans). Let G C Agt be a set of agents. Let ag
be its associated sequence, with ay any of its permutations. An assembly-line
plan for the permutation oy, is a sequence o1 ---0|q) where op € A(aglt]) for
eacht € [1..|G|]: the agents take turns following the order indicated by o, and
at each turn t the corresponding agent o [t] gets to choose one of her plans. The
set of assembly-line plans for G, defined as

ALP(G) :={o1---0)g| € Act”" | 0y € A(agt]) with ag, a permutation of ag},

contains all assembly-line plans for some permutation of G’s associated sequence
ag. To denote the assembly-line semantics (A(G) = ALP(G)), we will decorate
the Khg modality and write thL, The resulting logic will be denoted LQ,%G_

Each plan in ALP(G) is built by asking every member i € G to choose, at
their turn, a plan in A(4). Since € € A(i) for all ¢ € Agt, while choosing a plan in
A(7)\ {€} means agent ¢ executes one of her ‘proper’ plans, choosing € means she
‘does nothing’. This approach satisfies both (R1) and (R2) (the latter because
an assembly-line plan for G is an assembly-line plan for any H O G in which the
‘new’ agents do nothing). Finally, note how, while an assembly-line plan for G
might contain more than one occurrence of the same subplan ¢’, this can only
occur when more than one of G’s members has ¢’ at their disposal.
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Group Knowing-How 7

Ezample 2. Let G = {1,2} with A(1) = {¢,a,b} and A(2) = {¢,ab}. The se-
quence associated with {1,2} has two permutations: “1.2” and “2.1”.

— The set of assembly-line plans for “1.2” (1 choosing first and 2 choosing
second) is {e, ab, a, aab, b, bab}.

— The set of assembly-line plans for “2.1” is (2 choosing first and 1 choosing
second) is {e, a,b, ab, aba, abb}.

Then, the set of assembly-line plans for {1,2} is
{€, ab, a, aab, b, bab, aba, abb}.

Ezample 3. Going back to the filming example in Fig. 1, take G = {D, T, C,
E, CL, P}. The set of assembly-line plans for G is then all permutations of
individual plans, one for each agent in G:

{€, dicieiclip1, trdiciescliclapy, ...}

Note: no individual film crew member knows how to shoot a film and submit it
to a film festival. Moreover, no proper subset of G has an assembly-line plan to
achieve the goal. Still, the group as a whole does: 9 |= Kh® (clear, submitted) A
KhaY (cloudy, submitted), so G can eventually submit the film in both cases of a
clear and cloudy sky. The witnesses are the plans dicje;clyp; and tydicieicliclap,
which are strongly executable in s; and ss, respectively, and lead only to states
satisfying submitted. Additionally, the filming crew has the ability to submit the
film from any production stage. For example, if they receive a raw footage of
the film (i.e., they are in state ss5), there is a group assembly-line plan to reach
state sg (I = Kh&" (filmed, submitted)). A witness for this is ejcliclop; (agents
D and T execute empty plans).

3.2 A flexible assembly-line approach

In the assembly line proposal, the group gets one turn for each of its members.
Then, during their turn, a member of G gets to decide between executing one of
their plans or doing nothing. An alternative proposal is one in which these turns
are seen as group resources that the group gets to use ‘as it sees fit’: the group
can decide that the same agent will use two or more of the group’s available
turns. For this, given G C Agt, let the disjoint union of the sets in {A(i) | i € G}
be denoted by AP"(G).

Definition 7 (Flexible assembly-line plans). Let G C Agt be a set of agents.
A flexible assembly-line plan for G is a sequence o1 - -- 0| where oy € APY(G)
for each t € [1 .. |G|]: the group as a whole gets to choose, at each turn, a plan
in AP”(G). The set of flexible assembly-line plans for G is defined as

FALP(G) := {01 -+ 0| € Act” | oy € AP(G)}.

To denote the flexible assembly-line semantics (A(G) = FALP(G)), the Khg
modality will be written as thAL. The obtained logic will be denoted Lﬁﬁ‘g.



255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

282

283

284

285

286

287

288

8 Fervari, Galimullin, Veldzquez-Quesada

Each plan in FALP(G) is built by asking the group G to choose, at each one
of its turns, a plan in AP"(G), the group’s set of collectively available plans.
Requirements (R1) and (R2) are both clearly satisfied. Note how a flexible
assembly-line plan for G might contain more than one occurrence of the same
subplan ¢/, even if ¢’ is only available to one of G’s members.

Ezample 4. Take G = {1,2} with A(1) = {e,a,b} and A(2) = {¢,ab}. Since
(using multiset notation) AP"(G) = [e, a, b, €, ab], the set of flexible assembly-
line plans for {1,2} is

{€,a,b, ab, aa, aab, ba, bb, bab, aba, abb, abab}.

Ezxample 5. Recall the filming example from Fig. 1, and assume that the director
has now decided to go more independent and handle the production and film
dissemination on her own (i.e., the producer P is no longer part of the film crew).
In other words, take A(D) = {¢,dy, p1}. The set of flexible assembly-line plans
for G’ ={D,T,C,E,CL} is

{6, dicieiclipy, tidicieicliclapy, .. }

All these plans have |G| steps (in the second, T performs €), but now D per-
forms two tasks: d; and then p;. The reduced crew G’ has a flexible assembly-
line plan to submit the film regardless of the weather conditions, in formulas,
M = Khin ™ (clear, submitted) A KhErY (cloudy, submitted). However, they do not
have (non-flexible) assembly-line plans to do so: M = ~Kh&F (clear, submitted) A
—KhAF (cloudy, submitted).

3.3 Iterated plans

Finally, we also consider scenarios in which plans can be reused by agents and
groups thereof. This approach is closer to actions in various logics for strategic
reasoning, like ATL, where modelled systems are assumed to be reactive (i.e.,
they are assumed to run indefinitely). In such approaches, there is no limit on
how many times groups of agents can execute their available actions. We apply
these intuitions to our setting, bringing group know-how closer to the intuitions
from the literature on strategic logics. We call the corresponding plans iterated
closed plans, or simply *-plans.

Definition 8 (x-plans). Let G C Agt be a set of agents. The set of iterated
plans (x-plans) for G is defined as

16) = (U A(i))*.
i€eG

Whenever Khg is interpreted under this (i.e., A(G) = I(G)), we denote it as
Khg,. We call LIKhG the logic obtained under this semantics.
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Thus, the set of %-plans for a group G is the Kleene star closure of the
union of the individual plans of members of G. Observe that, from an epistemic
perspective, the idea of iterated closed plans has a common knowledge flavour.

Still, note: while condition (R2) is satisfied, condition (R1) is not. Indeed,
an agent ¢ with A(¢) = {e,a} can execute a only once, but the group {i} (with,
note, I({i}) = {¢,a,aa,...}) can execute a any finite number of times. While
there might be justifications for such a scenario, we find it more natural to
regain (R1). We do so by discussing #-plans only when individual agents can
already reuse the plans at their disposal. Thus, we restrict this alternative to the
class of models in which A(7) = (A(¢))*. This class will be denoted by M*, with
its members denoted as 91* and their plan-assigning function denoted by A*.

Ezample 6. Take G = {1,2} with A(1) = {¢,a,b}* and A(2) = {¢,ab}*. Hence,
we have I(G) = ({€,a,b} U {e,ab})* = {¢, a, ab, aab, bab, ...}.

Ezample 7. Let us revisit the filming example (Fig. 1) one last time, now as-
suming the filming budget is so low that there are only two crew members,
D and C. The latter can still film the raw footage (c1), but can now also
edit it (e;) and do a standard colour-grading (cly). The former, in addition
to directing (d;), can also submit the film to the festival (p1). Hence, the set
of *-plans is I({D,C}) = ({e,dl,pl} U {6,C1,€‘1,C|1})* = {6,d1C1€1C|1p1,...}.
Thus, the new crew can achieve their goal when the weather is sunny: 9t |
KhIG(clear, submitted), with dijciejclip; being the witness. Still, the goal can-
not be reached if the weather is cloudy: they lack the technical expertise to
set up the light simulating the golden hour (i.e., all their plans lack action t;):
M = —Khg, (cloudy, submitted).

4 Model Checking Logics of Group Know-How

This section investigates the computational complexity of the model-checking
problem, defined for a logic £ as follows.

Input: A finite MLTS 901, a state s of 9% and a formula ¢ of L.
Output: True, if M, s = ¢; False, otherwise.

We will show how the different notions of group know-how introduced above
lead to very different complexity results.

4.1 (Flexible) Assembly Line Plans

We design an iterative algorithm that, given an input formula ¢ and a model
M, labels each state with the subformulas of ¢ it satisfies. To do so, w.l.o.g., we
order ¢’s subformulas in increase order, ord(y) = {1, ..., ¥, }, so the labelling
algorithm works bottom-up. For a given state s, we will denote the set of subfor-
mulas the state is labelled with as #(s). Initially, each state in the given model
is labelled with the set of propositional atoms it satisfies, as indicated by the
valuation function.
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Algorithm 1 Global Model Checking for Assembly Line Know-How

1: procedure MC(IM, s, )
2: for ¢; € {¢1,...,¢¥m} = ord(p) do

3: case ; = Khg (Y, ¥y ), with k, k' < j > The other cases are standard
4: if PLANVERIF(9, Kh3Y (v, 11/)) then

5: add 1; to £(s) for all s € S

6: procedure PLANVERIF(I, Kha (¢r, ¥y )

T for i € G do > We guess a plan for each agent
8: guess o s.t. 0 € A(4)

9: guess ag > Guess an order for the agents to act
10: let o’ be s.t. o1 € A(ag[t]) > This is built from the two guesses above

11: kh < true
12: for v € £(¢) do

13: kh < kh & v € SE(0")

14: for u € R,/ (v) do

15: kh + kh & vy € £(u)

16: if kh then return True else return False

Model checking L‘Q,{JG is done in Alg. 1, where we omit Boolean cases for
brevity, and focus only on the group know-how case. In the algorithm, we do not
explicitly compute the set of assembly-line plans for a group, since such a set is
exponential in the number of agents in the group and the number of individual
plans. Instead, we use an NP-oracle to guess such plans.

Theorem 1. The model-checking problem for LQ,I;G is in PNP.

Proof. The correctness of the algorithm is guaranteed by the following claim:
M, s = ¢ iff p € £(s), for all subformulas ¢ of . It is clear that the number
of loops performed by MC is polynomial with respect to the size of the input
formula and the size of the model. For the case of group know-how, we turn to
an NP-oracle PLANVERIF, which guesses a group plan of linear length in the size
of a given group and the sizes of plans of its members, and verifies that that the
guessed plan satisfies the semantic conditions (%) and (i) in Def. 5. Checking
strong executability (line 13) can be done in polynomial time (see, e.g., [5,14]).
Hence, the whole procedure PLANVERIF executes a polynomial number of steps.
If the oracle returns True for a given Khg (1%, ¢},), we label all states of the model
with Khg (¢, ;). Finally, we make at most a linear number of calls to the NP-
oracle, and hence the total running time of the algorithm is in PNP.

For the flexible assembly-line (LE‘,}CL;), we get a similar result by a slight ad-

aptation of the algorithm since the witness for a group G is bounded by |G].

4.2 Iterated plans

Turning to the #-plans, one can wonder whether we can reuse (an adaptation
of) Alg. 1 with the NP-oracle. The crucial idea behind the algorithm was that
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assembly-line plans have the polynomial plan property, i.e., if M, s = thL(w, ©),
then the corresponding witness is of at most polynomial size (and similarly for
the flexible assembly-line plans). This allowed the oracle guess and verify such a
plan in polynomial time. Interestingly, *-plans do not have such a property, and
witnesses for Khb}(w, ) can be of exponential length.

Proposition 1. There are Khg (1, ) and M, s, such that M, s = Khg (1, @)
and the shortest witness is of exponential size, even for |G| = 1.

To illustrate this fact, consider Khl{l} (p, q) and take n € NT. We can construct

a model 9, of size polynomial in n such that the witness for Khb} (p,q) is of
exponential size in n. This model consists of n pairs of states I; (for left) and r;
(for right), A(1) = ({¢, a1, ...,an})*, atom p holds in [ states, and atom ¢ holds
in r states. Given 1 < i < n, there is a transition from [; to r; via a; and for
1 < j < i@ there are self-loops for I; labelled with a;. For r;, there are self-loops
for a;, and for j < k < n, there are transitions from r; to I; via ay. The model
intuitively consists of a stack of left-right pairs for each number up to n such
that to perform a switch from left to right, the agent must use a special action
for each pair. The transition function is constructed in such a way that after an
agent makes a switch at some level 4, she has to re-switch on all earlier levels,
thus modelling a binary counter. Models 914 and 915 are shown in Fig. 2.

= =(2)
Ee
)
- $
a s
o SN e
[
@ &
©
Qe

8
o
8

=)
R_.R_
§O=3
(=)
m.m
26,

a
P a,b,c,d
a a,b a,b
b
p q P q
a,b be,d a,b a,b,c e dye a,b,c
c N d \

o
o
“
au

Figure 2: Models 9y (left) with A(1) = ({¢,a,b,¢,d})* and M5 (right) with
A1) = ({e,a,b,¢,d,e})".

A witness to satisfy Khh}(p, q) in My would allow the agent to switch from
all [-states to r-states. However, observe that if we arrive in a situation in which
at each level we can execute action ¢, it means that we can, in particular, execute
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the transition from [3 to r3. This scenario will force the two pairs above to ‘un-
switch’, i.e., the agent will enter states [; and l5. Hence, the intuition here is that
after each switch, the agent is forced to redo all the switches on earlier pairs.
Let us construct the shortest witness for Khh}(p, q) in M. Since the witness
should be strongly executable, it must start with a (we omit € since it is not
relevant). After transition a, the ‘global state’ of the stack of pairs is (4, I3, l2, 71).
Next, executing action a one more time takes us one step back in satisfying
the formula, so the only meaningful strongly executable choice here is action b,
leading to the global state (I4, I3, 72,11). The only strongly executable action after
that is a again, putting the global state to (l4,13,72,71), i.€., we re-switched the
earlier pair at level 1. Following this reasoning, the shortest path that reaches the
global state (r4,73,72,71), and hence witnesses Khh}(p, q), is abacabadabacaba.

Hence, for n = 4, the length of the shortest witness for Khl{l}(p, q) is 15.

Generalizing this idea, for model 901, the corresponding witness is witness, =
witness,_1 + a, + witness,_1, i.e., a witness for M,,_; concatenated with the
switch action for level n and then again the witness for 0,,_;. For instance, for
n = 5, the witness is abacabadabacaba+ e+ abacabadabacaba, whose length is 31.
With this at hand, we have shown that models 9,, grow polynomially w.r.t. n,
but required witnesses grow exponentially, their length is 2™ — 1 to be precise.
Remarkably, the argument above applies for the logic Lk, over LTS from [38].

Even though witness for x-plans group know-how can be of exponential size,
we will show that for model checking one can still leverage polynomial space.
In particular, we will show that the problem is PSpace-complete, by adapting a
similar result from [14] for the logic of knowing how from [38]. Notice that we
consider model-checking w.r.t. an arbitrary model 9.

Theorem 2. The model-checking problem for LIKhG is PSpace-complete.

Proof. First, we can consider that the Kh operator over LTS from [38] can be
exactly captured by Khii}, where Agt = {i} and A(i) = Act (notice Act is finite).
Thus, from the results from [14], it follows that the model-checking problem for
LIKhG is PSpace-hard. To establish PSpace-membership, we will again rely on
results from [14]. Therein, a procedure running in polynomial space is given
for Kh over LTS. The procedure relies on, given a formula Kh(p,): 1) the
construction of a finite-state automaton (FSA) A, whose language is L(A,) =
{o € Act™ | o is SE at [¢]™}; and 2) the construction of an FSA A, ) with
language L(A(, ) = {0 € Act” | Ro([¢]™) C []™}, and then checking
non-emptiness of the intersection of the two automata (which can be done in
PSpace).” We only need to reuse this argument over Kh};. The only critical part
is to make sure that a plan o in such intersection is also such that o € I(G).
To do so, recall that for each i € Agt, A(i) is a finite set of plans, thus we
can easily define an FSA A; such that L(A;) = A(i), and for G C Agt, define
Ag as the union of all A; such that ¢ € G. Moreover, we can extend Ag to Ag,
where L(Af%) = (L(Ag))*. All these manipulations can be done using standard

7 For basic notions associated to automata theory, we refer, e.g., to [21].
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automata techniques (see e.g. [21]), and the resulting FSA A is of polynomial
size w.r.t. the input model.

To check whether 90, s = Kh'(p, ), we can check the non-emptiness of the
product between the FSA A, A, ) and Ag. This can be done in NLogSpace
by checking the existence of an accepting plan on the fly without building the
whole product FSA, which gives us an NPSpace procedure. Thus, by Savitch’s
theorem [33], model-checking for Ly,  is in PSpace.

It is worth noticing that both in the lower and in the upper bound, we are
using arbitrary models. However, we pointed out that for the logic LIKhG, it was
reasonable to work with models in the class M*. However, a model 99* is not
a finite object, since each A*(i) contains an infinite number of plans. Given a
model M, for model-checking each A (i) (for i € Agt) must be finite. We can easily
construct a FSA A¥ such that L(A¥) is A*(¢). Then, we can repeat the method
above, and therefore, model-checking over the class M* is also PSpace-complete.

5 Expressivity

In this section, we investigate how logics with different notions of group know-
how compare to each other with respect to their expressive power.

Definition 9 (Expressivity). Let Ly and Ly be two languages, and let p; € Ly
and po € Ly. Formulas ¢1 and po are equivalent, if for any MLTS 9 and state
w it holds that M, w = o1 iff M, w = pa. If for all p1 € Ly there is an equivalent
w2 € L, then we say that Lo is at least as expressive as L; (denoted L1 < La).
We say that Ly is strictly more expressive than Ly (denoted Ly < Ly), if Ly < La
and Ly £ Ly. Finally, if Ly £ Ly and Ly £ Ly, then Ly and Ly are incomparable.

First, we show that the logics of assembly-line group know-how are strictly
more expressive than the logic of individual know-how.

Proposition 2. Lgp, < Lﬁrjc and Lgp, < Lﬁﬁg.

Proof. That Lkp, < L?}I;G and Lkp, < Lﬁﬁg’j follows trivially from the fact that
Lk, C Ligr, and L, C Ll by taking i = {i} plus the fact that both semantics
satisfy property (R1).

q

P

. a . a . b . a . a .
q

Figure 3: Models 9; (above) and My (below).

To see that LQ,I;G # Lkn,, consider two models, 9t; and My, depicted in Fig. 3,
and assume that A(1) = A(2) = {e, a}. First, it is clear that My, s [~ th?leQ}(p, q)
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and My, s = Kh?{b}(p, q). Indeed, the set ALP({1,2}) is {¢,a,aa}. Plan aa is
strongly executable in the p-state s’ and allows reaching the g-state ¢} in 9s.
No plan of {1,2} allows reaching the g-state u from the p-state s in 91;.

To show that no Lkp, formula distinguishes the two models, we sketch an
argument by induction. Let A = {s}, A’ = {s'}, B = {t1,t2}, B’ = {t}, 5,14},
C ={u}, and C" = {u/, ¢, }. We will denote an arbitrary union of states A, B,
and C,as D e {JE | E € P({4,B,C})}. Given a D, we will denote by D’ the
same union as D but with primes added (e.g. if D = AU B, then D' = A’UB’).

For the base case, by the construction of models it is immediate that that
if all s € D satisfy a propositional atom, then all s € D’ satisfy the same
propositional atom, and vice versa.

For the induction hypothesis (IH), states in D all agree on ¢ if and only if
states in D’ all agree on 1. Boolean cases follow from the induction hypothesis
and we focus on the know-how modality Kh; (1, x).

For both agents 1 and 2, there are two plans to consider: € and a. Plan €
is strongly executable everywhere, and it keeps the system in the same state.
Hence, for any state from any D that satisfies ¥ and y, we have that all states
in the corresponding D’ satisfy 1) and x by the IH, and vice versa.

What is left is to consider plan a for both agents. Let ¢ be such that it is
satisfied in states in A, i.e. state s. By the IH, 1 is then satisfied in s’. The plan
is executable in both states, and it leads to states t; and t4. Since both states
belong to B and B’ respectively (and their unions with other sets), they both
agree on x by the induction hypothesis.

Next, let 1) be satisfied in states in B and B’. The plan is strongly executable
in all the states, and hence in 91; the reachable states are {t3, u}, and in 95 the
reachable states are {t, v/, t}}. Observe that in both cases, the sets of reachable
states include states from both B and C, and B’ and C’. Hence, by the TH, all
states of BUC and B’ UC’ agree on . Plan a is not strongly executable in any
of the C' and C’ states. Thus, we get that that the models are indistinguishable
by any agent using plan a. Finally, because there are no plans left, we conclude
that no formula of Lkp, can distinguish models 9t; and 9.

Because for the given models and sets of agents’ plans, ALP and FALP plans
coincide, we also get that Lkn, < LE‘,’%.

Next, we claim that assembly-line and flexible assembly-line plans indeed
allow us to capture different notions of group know-how.
FAL
L

Proposition 3. L2 and are incomparable.
p Khe G D

Proof. (sketch) To show Lﬁﬁg; 4 LQE;G, we use again 9t; and My from Fig. 3,
and assume that A(1) = {e,a} and A(2) = {e}. As we have seen in the proof
of Prop. 2, single-agent plans a and € are not enough to distinguish the models.
Moreover, since ALP({1,2}) = {e,a} = A(1), no LQ,{JG formula can distinguish
the models. However, My, s |~ Kh?ﬁg} (p,q) and Mo, s = Kh?ﬁ]g} (p,q)-

For Lﬁ‘,%c A Lﬁﬁ‘g;, we assume that we have three agents and that A(1) =
{e,a}, A(2) = {e,a}, and A(3) = {e}. Under these conditions, no formula of
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Lﬁﬁ‘g can distinguish the models. However, we have that 9y, s % Kh?{jz?’}(p, q)

and My, s = Kh?ij,S}(p, q). Full details can be found in App. A.

Finally, we focus on iterated group plans and claim that the resulting logic of
group know-how is strictly more expressive than the logic of single-agent know-
how. Following the discussion in Sec. 3.3, we compare the logics on the same
class of models where individual plans are also closed under the Kleene star.

Proposition 4. Interpreted on models from M*, Lgp, < L{(hG.

6 Discussion and Future Work

In this paper, we proposed logics for reasoning about group knowing-how, which
until now has predominantly been considered only for individual agents. Our
proposal is based on a sequential ‘assembly-line’ approach, with the abilities of
a group of agents being sequential compositions of individual plans in which
each agent contributes in turns. We introduce three natural formalisations of
such group knowing-how: assembly-line plans, flexible assembly-line plans, and
iterated plans. For all alternatives, we study their model-checking problems and
their relative expressive power.

To the best of our knowledge, the only other work that touches on group
knowing-how is [26], which considers the notion of distributed knowing-how. The
main difference from our approach is the set of plans a group G has available.
In the cited paper, the set of ‘atomic’ actions a group G can use is given by

1. the ‘atomic’ actions available to any of its subgroups, and

2. the ‘parallel’ joint actions by (mutually exclusive) subgroups.
The sequential combination of these ‘atomic’ actions gives rise to (uniform)
plans/strategies, over which the abilities of a group are defined. Thus, [26] is a
‘broader’ approach that deals with both sequential and parallel composition of
individual plans. Still, the current proposal has its merits. The main one is that
focusing only on sequential composition allows us to explore some of the ways this
idea can be effectively implemented, as illustrated by the different forms of group
plans that have been proposed. Moreover, while the iterated plans approach
describes ‘the full sequential composition’ power, the assembly-line and flexible
assembly-line approaches can be seen as resource-bounded versions modelling
more realistic scenarios, still more restricted but with a better computational
behaviour than e.g. [13].

There is a host of open problems worthwhile to tackle in the future. First,
continuing with the computational aspect, we would like to investigate the satis-
fiability problems for the logics. It is also interesting to provide sound and com-
plete axiomatisations for the different languages, and define appropriate forms of
bisimulation. Finally, we left as an open question whether, for the assembly-line
semantics, the model-checking problem is PNP-hard.
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A Technical Appendix

A.1 Proof of Prop. 3

We start with the proof for Lﬂﬁg £ LQE‘JG. For this, we again employ the models
My and My from Fig. 3, and assume that A(1) = {¢,a} and A(2) = {e}. As we
have seen in the proof of Prop. 2, single-agent plans a and € are not enough to
distinguish the models. Moreover, since the set of ALP plans is {¢, a}, i.e., equal

to the set of plans of agent 1, we have that no LIK\,%G can distinguish the models.

To see that the models are distinguishable by a LE’}% formula, take thﬁg‘} (p,q).

The set of FALP plans for {1,2} is {¢,a,aa}. With this, it is immediate that
My, s [~ Khitsy (p,q) and My, s = Khit5 (p, q)-

Next, we show that LQE;G 4 LE‘,?(I; by using the same models, 9, and Mo,
from Fig. 3. But now we assume that we have three agents and that A(1) = {¢, a},
A(2) = {¢,a}, and A(3) = {e}. As above, we argue by induction that no formula
of Lﬁﬁg; can distinguish the models.

The set of all possible FALP plans for {1, 2,3} is {e, a, aa, aaa}. That plans a
and e for individual agents do not allow us to distinguish the two models follows
from the proof of Prop. 2. Hence, we need to check only the new plans aa and
aaa (this will take care of group know-how with group sizes 2 and 3).

We start with the case of 1 being satisfied in s. This means that if there is
a plan in 91; that reaches some y-state, there should be a plan that reaches a
x-state in My from s’. It is easy to see that by implementing plans aa and aaa,
we can reach to and w respectively. Hence, x should be true in either t5, u, or
their union. If x holds in t3, then the same effect can be achieved in 95 by the
group executing plan a and reaching state t5, since by the IH x holds in ¢ iff
it holds in t5. If x is true in u, then the corresponding plan for the group to
implement in My from state s’ is aa. Formula y then holds in u iff it holds in ¢}
by the IH. The other direction can be shown similarly.
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If ¢ is being satisfied in B or B’, then, among aa and aaa, there is no strongly
executable plan that is executable in all of the states of either B and B’. Finally,
apart from the case of €, that we have tackled in the proof of Prop. 2, there
are no strongly executable plans for the group in C' and C’. Hence, there is no
formula of LE‘,’%P that is able to tell apart the two models.

On the other hand, take formula Kh?{bﬁ}(p, q). The set of ALP plans for the
group is {€,a,aa}. From this, it is immediate that 9y, s & Kh’{%m}(p,q) and
My, s = Kh?1L,273}(p7 q).

A.2 Proof of Prop. 4

That Lin, < Lip,, follows from the fact that in M*, Kh;(1, x) is equivalent to
KhI{Z} (va), and hence LKhi C LE(hg'

For the other direction, consider Kh(p,q) with G = {1,2}, and the two
models in Fig. 4.

OO0
P q
p q

Figure 4: Models 9t; (above), Mz (below), and the sets plans for both agents
are A(1) = ({¢,a})* and A(2) = ({¢,bc})*.

It is immediate that 9y, s £ Kh{;(p, q) and that Mo, s = KhIG(p7 q). It can
be proved by indution that no formula from Ly, distinguishes the two model.
To show that no formula of Lkn, can distinguish the two models, we provide a
sketch of an argument by induction. For the base case, all states in set X satisfy
the same propositional variables as states in the set X', with X € {A, B,C}
and A = {s}, A = {s'}, B = {t1,t2,t3}, B’ = {t},t5,t4,t}}, C = {u}, and
C' = {u'}.

For the induction hypothesis (IH), we have that for all v, all states in D
agree on 1 iff all states in D’ agree on ¢, with D e {UFE | E € P({A, B,C})},
and D’ being exactly like D but with primes added.

Boolean cases follow from the IH. Now, consider the case Kh; (1, x) with i €
{1,2}. Agent 1 has the set of available plans {¢, a, aa, ...}. Since the empty plan
is strongly executable anywhere and it does not change the state of evaluation,
executing such a plan in a state of any given set does not allow us to leave that
set (recalling that all states in a given set agree on ¢ and x by the TH). Hence,
by the TH, using empty plans does not allow us to distinguish the models.

Plan a of agent 1 is strongly executable in states s, s', t1, t], t3, and #}.
By the definition of the semantics, this plan should be strongly executable in all
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states satisfying ¢, and all executions should lead to a y-state. This, in particular
implies, that the only way Khy (¢, x) can be satisfied once evaluated in one the
t- and t'-states is when all of t5, t, u, and ' satisfy x, i.e., x holds in BUC
and B’ UC" by the IH. Hence, the two models cannot be distinguished by agent
1 implementing plan a. Similar reasoning holds for the plan aa, which is only
strongly executable in states s and s’, and executions from both states lead to
states from B and B’ respectively, which agree on x by the IH. Finally, there
are no other strongly executable plans for agent 1.

For agent 2, it is enough to consider only plan bc. The plan is only strongly
executable in state t§ of My, and it reaches state ¢}. By the semantics of the
know-how modality, this would mean that ¢}, has to satisfy ¢ and ¢} has to satisfy
x. However, since these states both belong to B’ and hence are indistinguishable
by the TH, both ¢}, and ¢} agree on the same formulas. Therefore, in model My, it
is enough to find a plan for agent 2 that starts in a t-state and reaches a t-state,
i.e., the plan that start and ends in B-states. The empty plan does this job.
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